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PREFACE. 



Fob several years past, while teaching a comparativel j advanced 
course on Perspective, embracing some of its higher problems, 
I have cherished a purpose to compose an elementary perspec- 
tive, for general use ; which should be dearly demonstrative at 
every step, and also, if possible, interesting to its readers ; which 
should, in fact, be truly popular, without being empirical ; and, 
on the other hand, perfectly demonstrative, without being too 
elevated. In other words, I have sought to make my work 
elementary, not in the sense of merely stating perspective facts 
without adequate explanation, but in the sense of selecting sim- 
pie, yet widely and always useful examples, and then fully 
explaining, in easy order, the few plain principles necessary to 
the solution of such examples. 

An exact knowledge of perspective is indispensable to those 
who would make exact representations, for industrial purposes, 
of architectural o*r mechanical structures as they appear. It is 
highly useful to those, even, who practise perspective as an 
ornamental art, in the making of pictures ; inasmuch as it 
enables them to know scientifically, as well as fed sensibly, 
whether their drawings are correct or incorrect. It is also 
interesting to the amateur judges and admirers of pictures, as 
well as to their makers ; and, finally, it is useless to none who are 
in any manner engaged with the arts of graphical representation 
or design. 

It is a part of the price of truth, whereby we discover its 
worth, that we must discover the truth concerning propriety of 
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arrangement in any subject^ as an indispensable condition for 
its soeoessfol treatment A course of research, which in any 
d^ree ignores certain elements on which it is based, cannot but 
become proportionately involved in bewildering, and, both to 
the student and critic, comfortless confusion and intricacy. It 
is equally true, that natural progress ftom a proper starting* 
point cannot £ul to be effectual and agreeable. 

As the truth about primary industrial utilities for daily work- 
ing life, is more elementary and fundamental than truth about 
beauty and other higher utilities for the adornment of higher 
life, it results, in the present instance, that " Projections," which, 
usually for industrial purposes, represent objects as they arej 
in form and size, naturally precede, in a course of exact study, 
"Perspective," which, usually for pictorial effect, represents 
objects as they appear. 

PerspeeUves^ or drawings of objects as they appear^ are made, 
then, from Projections, or drawings of objects as they are ; and 
which, therefore, are competent representatives of those objects. 

The study of projections thus properly preceding that of 
perspective, as its natural foundation, disadvantages will 
unavoidably arise from attempts to treat of exact perspective, 
without a formal preliminary treatment of projections. Hence, 
this work, while complete in itself, is the natural successor, for 
those who use both, of my "Manual of Elementary Geometrical 
Drawing of Three Dimensions," in which objects are shown in 
projection only. 

It is unfortunate for learners, that a subject so simple, useful, 
and attractive, as Perspective is, when properly treated, should 
come to be regarded with aversion, merely owing to defects in 
its treatment ; the chief of which defects is, perhaps, the failure 
fully to exhibit its foundation in "projections." 

The present volume is an attempt to expressly present Per- 
spective, as founded on " Projections," and in this respect it 
differs, more or less noticeably, from numerous elementary 
works on the subject I accordingly hope for such results, in 
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respect to ready and interested understanding of the subject, 
as the improved treatment of it, which I have endeavored to 
give, leads me to anticipate. 

The construction of the perspective of a shadow is, from first 
to last, a problem of more tediousness and complexity, espe- 
cially as applied to complex objects and positions, than fidls 
within the. scope of an elementary work like the present. 
Hence, only a few, and quite simple, problems in perspectives of 
shadows have been inserted. 

The simplest conception, and resulting definition, of the per- 
spective of a point is, that it is where the '^visual ray" 
through the point pierces the plane of the picture, ue. the 
" perspective plane." 

The method of construction just indicated, and here adopt^ 
for Pabt L, does away with the whole machinery of " vanish- 
ing points," "perpendiculars," "diagonals," etc.; and, accord- 
ingly, these, with their advantages, are briefly explained and 
illustrated, in Pabt II., as incidental matters, giving rise 
to derivative methods of construction, and tending to aid the 
reader in understanding the methods usually employed by 
writers on perspective. 

In a proposed future general work on perspective, I hope to 
exhibit more fally a systematic arrangement of all its methods, 
and interesting peculiarities and details. 
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INTRODUCTION. 

CHAPTER 1. 

mBTBUMXKTS AND ICATEBIALS. 

1. Papbb. — ^For elementary practice, thick unruled writing, or 
tongh printing paper, will answer. For nicer work, German car- 
toon, or English smooth drawing paper, will be convenient ; and for 
exact constructions, in lines or tints of Indian Ink, Whatman's 
drawing paper will be best. 

2. Sufpart of the JPaper. — For slight pencil or ink sketches, the 
paper may lie flat on an atlas, or a few thicknesses of smooth 
paper, or any Arm, but not rigid surface. For larger and exact ink 
drawings, the paper must be well wet, and then fastened round 
the edges with gum-arabic, to a smooth board. Then, when dry, 
it will be found to be tightly stretched. 

Great care should be taken to keep paper fiat and smooth, when 
not stretched as just described. 

3. Pencils. — ^For sketching, use a hard pencil, as No. 4, or 6, of 
Faber's, and make only the ikintest lines. For finishing up pencil 
drawings, use softer and blacker pencils, as No. 3 for well defined 
objects, and Nos. 1 and 2 for shadows, foliage, &c. 

In pencilling a drawing which is to be inked, use a pencQ 
sharpened on a fine file, to a thin edge, rather than a round point, 
since it will thus keep sharp much longer. 

4. RiTLBRS. — For drawing on stretched paper, use a T rule, for 
drawing aU lines from right to left ; and a right angled triangle, for 
drawing lines perpendicular to these. With loose paper, use a 
eominon ruler and right angled triangle. 
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5. To drawparaUeU in any oblique position^ by a ruler and tri- 
angle. To draw throngh p^ for example, a parallel to db. Place 




Fig. 1. 

a side of the triangle on oft, and bring up the ruler oe, 83 shown 
in Fig. 1. Hold the ruler fast, and slide down the triangle to the 
position (2) whence? will be parallel to ah. 

6. To draw perpendiculars in oblique positions. — Slide the tri- 
angle, as before, till de passes through />, then d being a right 
angle, a line can be drawn through jt?, and perpendicular to ad. 

7. Compasses. — ^For drawing ink or pencil circles, the com- 
passes should have movable legs, which may be replaced by a 
drawing pen, or pencil-holder. 

8. In vising the compasses^ hold them by the joint, witii the 
thumb and forefinger. Then, in setting off distances on a line, 
turn them, alternately, on one side and the other of the line, never 
taking both points at once from the paper, till the operation is 
finished. This method is most expeditious and accurate. Like- 
wise, in describing a circle, the whole can be accomplished with a 
quick and uninterrupted motion. 

9. Irregular Curves. — For drawing other curves than circles, 
points of which have been previously constructed, use the thin 
plate of wood with variously curved edges and openings, and 
cialled an irregular curve. 

10. Indian Ink. — This color, when of good quality, is of a 
brownish black, and is prepared in polished or gilded cakes, fine- 
grained, and usually scented with musk or camphor. It is prepared 
for use, like other water colors, by touching the end to water, and 
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mbbing on an earthen plate or tile. Wben enough has been 
ground off, wipe the cake dry to prevent its crumbling. 

11. This ink, when thick, may be applied in a drawing-pen, or 
brush, so as to make black lines, or surfaces. When diluted with 
a quantity of water, tints of any degree of lightness may be quickly 
laid on the paper (stretched) by a rapid use of a goose-quill sized, 
or larger camel's hair brush. 
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CHAPTER n. 

PSELDCIKABY PBINdPLRS AJSm EXPLANATIONS. 

12. Sitting by a window, 70a may fix your attention on all 
that you see throagh one of its panes — ^buildings and parts thereof 
trees, roads, fields, woods, streams and cloads. 

As soon, however, as you give attention, both to the pane and 
to what you see through it, yon will find that, by looking with each 
eye separately, you will see partly different sights through the 
same pane. Hence, to see definitely both the pane and what yon 
see through it, you must close one eye. 

13. This being done, you might paint upon the glass everything 
that you see through it, just where you see it, and of the same 
shade and color. A perfect picture, in every respect, of all seen 
through the glass, from one point of sight, might thus be made on 
the pane. Such a picture would be called the perBpective of the 
view seen through the pane. 

14. I. Hence 2k perspective is a picture which shows one or more 
objects just as they appear, in respect both to form and color, and 
as seen from one fixed point of sight. 

15. If seated quite near the window, you will observe that you 
cannot see all that is to be seen through it, without turning the 
head ; while each new direction of sight gives you at least a partly 
new view. Also each new position of the eye gives, evidently, a 
different view through the same pane. 

16. n. Hence any single perspective drawing should embrace 
no more than one view, that is, no more than can really be seen 
when looking in one direction from one fixed point of sight. 

17. The chief exceptions to this rule are in panoramic and 
architectural interior scene painting, which, being intended to 
please large assemblies, are painted from several points of sight, or 
from one quite remote one. 

18. All this being understood, suppose you are in a field, and 
viewing a distant tree through a framed pane of glass, held at a 
fixed distance from the eye. As you approach the tree it appears 
to occupy a larger and larger portion of the glass ; while, as you 
recede from it, a contrary effect is produced. 
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IIL Hence the size of the object, in a picture^ depends on its 
distance from the eye. 

19. Again; if your distance from the tree is fixed, the nearer 
the pane is carried to the tree the more completely will the view 
of the tree fill it. That is — 

IV. The comparative size of an object in the picture, and the 
whole picture, depends also on the distance of the picture plane, 
from the object. 

20. Further, if two trees, at equal distances, and of different 
sizes, be viewed at once through the same pane, and from the same 
fixed position, the larger one will cover a larger space on the pane, 
as seen through it. 

V. Hence, other things being the same, the size of an object, 
in the picture, depends on its actual size. 

21. Once more, by moving, together with the pane, from side 
to side, or up and down, the. tree will be seen through different 
portions of the pane, when seen from the different positions so 
taken. 

YI. That is, the place of an object in a given picture, its size 
and distance being also given, depends on its direction from the 
observer. 

22. Vn. From the last four particulars, we now conclude that, 
in order to represent a given object truly, its dimensions^ distance 
jftrom the picture^ distance from the eye^ and direction must all be f / 
known. 

In other words, the relative position of the ej/e, the picture^ and 
the object^ and the size of the latter^ must be known. 

23. Returning now to the picture painted on the window pane, 
each point of that picture is in a straight line, from the point repre- 
sented, to the eye. Such a line is called a visual ray. 

Vlll. Hence the perspective of any point is where the visual 
ray from that point meets the surface of the picture. 

Finally, the following general principles may serve to connect 
this introductory sketch, which embraces the primary facts of per- 
spective, given by the testimony of the senses, with the more exact 
treatment of the subject, which succeeds, and in which the prin- 
ciples of perspective, based upon these facts, are demonstrated. 

24. Science is a complete body of truth, whose parts are naturally 
related to eacl^ other ; and hence may be expressed by a systematic 
and connected statement of successive particulars, proceeding in 
natural order from primary elements to complete results. 

Perspective science is such a body of truth, relating to the 
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numner of representing objects as they appear. This seienoe is 
founded on the simple facts of vision 'already described, and which 
are learned by observing %iohaJt and hxyvo we see. 

As in making a picture itself, its outlines and most conspicuous 
objects, alone, may be represented, or all its peculiarities and 
details may also be included; so a science may be presented in its 
outlines only, or in entire completeness. 

This work aims to exhibit little more than the outlines of the 
subject of perspective, but yet fully enough to assist any one, who 
desires to draw ordinary objects as a business or pleasure, to do so 
intelligently and accurately. 

We now proceed to unfold the elements of Perspective from the 
preceding simple facts of vision, and to apply those elements to 
practical exercises in perspective drawing. 



DEFINITIONS AND GENERAL PBINCIPLES. It^ 
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PRIMITIVE METHODS. 



CHAPTER I. 

DEFINITIONS AND GENERAL PRINGIPLBS. 

26. Tbe complete perspective of an object, is a picture of it, 
which, when viewed from a certain point, produces the same image 
upon the eye that the object itself does, when viewed from the 
same point. 

Eadi point and line of such a picture, must, when suitably placed 
between the eye and the object, exactly cover and conceal from 
view the corresponding points and lines of that object. It must 
also, as truly as art will allow, present, at each point, the same 
shade and color that is exhibited by the same object. 

26. Hence perspective embraces two branches: the perspective 
of /orm^ called linear perspective ; and the perspective o{ color and 
gradations of shade^ called atrial perspective, 

27. Aerial perspective is an imitative art^ founded on extensive 
observation of nature, and on the science of optics. 

Linear perspective is either an imitative art, or an art of exact 
geometrical construction, according as the outlines of pictures of 
given objects are traced by the eye, or constructed with instru- 
ments, according to geometrical principles. 

28. In point of fact, linear perspective is practised as a construO' 
tive art, chiefly in its application to regular ol^ects. It is practised 
as an imitative art, mainly in the drawing of irregular, or pic- 
turesque objects, such as trees, animals, hills, streams, and old 
buildings. 

. We will next inquire into the natural principles, which lead to 
the exact construction of the perspectives of objects. 

29. The eyes are so related, that in attempting to see, with both 
of them together, objects at different instances, distinctly and at 
once, we see these objects partly double (12). 

Hence in making an exact picture of any object, we suppose it 
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to be viewed with one eye, or that the two eyes are redaced to a. 
BiDgle seeing point, called the point of sight (14). 

30. Objects become visible by means of rays of liglit, reflected 
from them to the eye, and called visual rays (23). 

31. Rays of light proceed in straight lines; as is proved by the 
£ict that we can see nothing through an opaque bent tube. 

32. The visible boundary of an object is called its apparent con- 
tour. The perspective of this contour, is the linear perspective of 
the object 

33. Any body, having a vertex, and plane sides, is, in a general 
sense, called a Pyramid. 

Any curved surface, having a vertex, and therefore containing 
straight lines drawn through that vertex, is a (7one, in the general 
sense of the term. ^ 

Hence visual rays, from all points of the apparent contour of an 
object to the eye, form a pyramid^ or a cone — whose vertex is the 
point of sight — according as the object is bounded by straight or 
by curved lines. This being understood, this pyramid and cone 
are, for the sake of brevity, called indifferently the visual cone, 

84, Next, conceive a plane to intersect the visual cone, anywhere 
between its vertex, that is the eye, and its base, that is the object. 
This plane will cut from the cone a figure which will exactly conceal 
from the eye at its vertex, the apparent contour of the original 
object. That is (25) this figure will be the linear perspective (27) 
of that contour, and hence of the object (32). 

35. In like manner, the intersection of the visual ray (23) from 
any one point of the given object, with the given plane, is the 
perspective of the point from which that ray proceeded. 

36. The given plane is therefore called the perspective plane; 
and is understood to be vertical, unless the contrary is mentioned. 

JUustration. — ^In Fig. 2, let E be the position of the eye, ABC 
the object, as a wood or paper triangle, to be represented ; and PQ, 
the perspective plane. Then AE, BE, and CE, represent visual 
rays from the corners or vertices of the given triangle. Now let 
lot, 6, and c represent the points in which these visual rays pierce 
the perspective plane PQ, then abc will be the perspective of ABC, 

37. It now clearly appears, that, in order to find the perspective 
of an object, three things must be given ; ths object itself, the posi- 
tion of the eye, and the perspective plane (22). Observe here, also, 
that, as lines from the visible points of the object to the eye are 
visual rays, these rays become known as soon as the positions of the 
eye and of the object are given. 
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If either of the lines, as ab, of the perspective, trere prolonged 
either way, or both ways, it would be called the itid^finite per^peo 
tive of the original line as A6. 

38. Any angle, as AEC, formed at the eye by two visual ray^. 





Fig. 2. 

IB called a visual angle. It now appears that any line, as AC, and 
its perspective, ao, subtend the same visual angle. The reason, 
therefore, why an object and its perspective present the same 
appearance (25) to the eye, is, that they subtend the same visual 
angle; for the apparent size of any object depends on the size of the 
visual angle which includes it. Hence if two equal lines be in 
parallel positions, but at unequal distances from the eye, the further 
one will subtend the smaller visual angle and will therefore appear 
the shorter (18). Also, if a line or a surface be viewed obliquely, 
instead of directly, it will appear of diminished size, and is said to 
he/oreehoriened. 

80. The position, E, of the eye, and the form and position of the 
object ABC remaining fixed, there will be as many different sizes 
and /orms of the perspective, abc^ as there may be different dis« 
tances and positions of the perspective plane, between E and ABC. 
And these various forms apd sizes of abc will all be true perspec- 
tives of ABC. To understand this completely, it is only necessary 
to remember, 1° : That all these forms of o^ are sections of the 
same visual pyramid ABC— E (84), and 2^ : That the definition of a 
perspective is not^ a figure that i8 as the original object appears; 
bat, only, one that appears as that objeil does, when viewed from 
the same point (25). 

2 
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CHAPTER n. 



THB JSLEMEKTS OF PBOJECTIONS. 



40. It is evident from a consideration of Fig. 2, tbat we cannot, 
practically, find a perspective picture directly according to (35) i. e, 
directly from objects themselves. Visual rays are invisible and 
intangible, and we cannot conveniently substitute for them, threads 
from every point of an object, as a bouse, to a fixed point, as file 
top of a stake, taken to represent the place of the eye, and then 
find where all the threads pierce a paper plane, set up between the 
object and the place of the eye. 

41. What then can be used in place of the actual object, from 
which to make its perspective, as truly as if found mechanically, as 
above described ? We employ auxiliary drawings, which show 
the positions, fornis, and dimensions of the original objects, just as 
they really are^ and from such drawings, with similar representa- 
tions of the visual rays, we construct the perspectives, which show 
those objects as they appear. 

42. These auxiliary drawings, which show the given object, and 

its visual rays, as they really 
are^ in respect to form and 
relative position, are called 
projections. To the expla- 
nation and construction of 
projections, we therefore 
turn, as the next thing in 
order. 

43. lUiiStration. — Let 
HH', Fig. 3, represent a 
level plane, called the horU 
zontal planCj and VV an 
apright plane, at right an- 
gles to HH', and hence 
called the vertical plane. 




Fia. 3. 



The floor and any wall of a room, would be such a horizontal and 
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vertical plane. HV, the intersection oif these planes, is called the 
ffround line. 

Next, let P be any point in the open angnlar space between these 
two planes. Then let Pjo be a straight line from P, perpendicular 
to the horizontal plane, HH', and meeting it at some point repre- 
sented hj p. Likewise, let Fp' be a line from P, perpendicular to 
the vertical plane, VV, and meeting it at p\ Then P is called 
the horizontal prqfection of P, and p' is the verticcU projection of P. 

44. Observe now, according to (41) that the two projections of a 
point are an adequate representative of the real position of the 
point. For p'q^ the vertical height of the vertical projection,^', 
above the ground line HV, is equal to the real height, P/>, of the 
point P above the horizontal plane. Likewise pq^ the perpendicuw 
lar distance of the horizontal projection, 2>> from the ground line, is 
equal to the real distance, Tp'j of the point in space, P, from the 
vertical plane. Hence a point is named hy naming its projections / 
thus, we describe P as the. pointy'. 

45. If a point, as S, is in the horizontal plane, it coincides with 
its horizontal projection, «, and its vertical projection, s\ must be in 
the ground line HY'. Likewise, if a point, as R, lies in the vertical 
plane, it is its own vertical projection, r\ and its horizontal projeo* 
tion, r, must be in the ground line. 

46. By considering the explanations just given, we are led to the 
following additional practical particulars. First : The forms of 
bodies are indicated by the positions of the points which compose 
or limit their bounding lines. Hence, if the distinguishing points 
of the boundaries of an object be projected in the simple manner 
just explained, and if the projections of these points be connected, 
in each plane, the projections of the object will be formed. 
Second: p represents the real point, P, as it would appear if seen 
from above, in the vertical direction Tp. Likewise p' represents 
the same point as seen in looking in the direction P^'. Third: In 
order to view all the points of an object simultaneously in the same 
direction, the eye must be at an indefinitely great distance from it. 
Hence projections represent objects as they would appear, if visible 
from an indefinitely great distance, and viewed in a direction per* 
pendicular to each plane of projection in succession. 

47. ISitstration. Fig. 4. GL is the ground line ; GH, the hori- 
zontal plane ; and GY, the vertical plane. ABC-D is a triangular 
prism, placed with its edges parallel to the ground line. In view- 
ing this prism from a great distance above it, so as to look at all 
parts at once, in the parallel directions Ao, Ff, &c.^ the two sloping 
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eides, ACOF and ABDE, will be viaible. Projecting the comers 
of theae faces by vertical projecting lines, Aa, t&o., as in Fig. 8, we 
find <K^d fov the horizontal projection of ACFD, and aide for the 
horizontal projection of ABDE. 




Fig. 4. 



likewise, in viewing the prism in ths direction Aa', its front, 
ACDF, only, is visible, and a'o'd'y is the vertical projection of 
this face. 

It thus appears that the horizontal projection shows the trae 
relative distances of all points of the prism, front of the vertical 
plane ; and that the vertical projection shows the true heights of all 
points of the prism above the horizontal plane. That is, the two 
projections, together, form an adequate representative of the form 
of the prism. 

46. In particular, the face BCEF is parallel to the horizontal 
plane, and beef, its horizontal projection, is eqnal to it. That Is, 
wAen a surface, or line, ig parallel to a plane of prelection, itt true 
siee is shown in its projection ■upon that plane. Again, CB is a 
line which is perpendicular to the vertical plane, and hence the 
point c' is its vertical projection. That is, when a line it perpen- 
dicular to eitlier plane of projection, its projection on that plane ia 
a point. 

49. Oontinuing to examine this figure, 4, with reference, now, to 
its lines only, it appears that CF, for example, is parallel to both 
planes of projection, and hence to the ground line, and its projec- 
tions ^and o'f are both parallel to the ground line, and each 
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Fig. 6. 



equal to CF. That is, when a line is parcMd to the ground tine, 
tach of its projection* ia parallel to the ffround line, and equal to 
the line. 

50. Again : AC, for example, is obliqne to both plaoes of pro- 
jection, bat it is in a plane Aa'w^ which is perpendicular to both of 
these planes, and both of its projections, ea and cV, are perpen- 
dtcalar to the ground line, and each is less than the line AC. That 
is, when amy line is oUique to both planet of projection, and is in 
a plane perpendicular to hoth^ each of its projectiona is less than 
the line, and is perpendicular to the ground line. 

51. In Fig. 5, AB is a line which is paralled to the horizontal 
plane GH, only, ab and a'b' 
are iu projections. a6=AB, 
and a'b' is less than AB and 
parallel to the ground line. 
That is, when a line is parallel 
to the horizontal plane only, its 
horizontal pnyeetion ia equal 
and paraUd to itself, and its 
vertical pryection is parallel to 
the ffnmnd line and less than 
the line itself. 

62. In Fig, 6, AB is a line parallel only to the vertical plane 
VL, oJ, its horizontal projection, 
is parallel to GL, and loss than 
AB. a'b', its vertical projection, 
is equal and parallel to AB. That 
is, when a line is parallel to the 
verticai plane only, its vertical 
pr<^tion is equal and parallel to 
the line, and its horizontal prt^eo- 
tion is parallel to the ground line, 
and less than the given line, 

63. Finally, in Fig. 7, AB is a 
line which is oblique to both 
planes of projection. Fach of its 
projections, ab and a'b', is less than AB, and oblique to GL. 
That is, when a line is oblique to both planes of progection, 
bcth of its pr<yectio7is are less than itself, and are oblique to the 
ground lute. Article 60 is a special case of this prindple. 

If lines, in any portion, are parallel, their projeetioDs will be 
parallel. 




FiQ. 6. 
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liuesy like points, are, in the language of projections, named by 
naming their projections (44). Thus, in the three preceding figures, 

the line itself, AB, would 
be designated as the line 
ab-a'h\ the vertical pro- 
jection being distinguish- 
ed by accents. 

54. The space on the 
same side of the vertical, 
or perspective plane, as 
the eye, is said to be in 
front of it. If, now, the 
horizontal plane, GH, be 
extended back of the ver- 
tical plane CV, Fig. 4, an 
angular space in which objects may be placed, will be formed 
behmd the vertical plane. 




Fig. 1. 




Fig. 8. 



lUuatration. — In Fig. 8, let GH be the front part of the horizon- 
tal plane, and GH' its back part — ^the vertical plane, GV, being 
viewed in the direction of the arrows. Let ACbd be a square 
prism standing on the back part of the horizontal plane, and with 
its faces parallel and perpendicular to the vertical plane. Then, as 
shown in the figure, C'D'c'e?', a rectangle, equal to the face CDcd, 
will be the vertical projection of this prism, and its lower base, 
fibcd^ will constitute its horizontal projection. 

Observe, here, that when a body stands on the horizontal plane, 
its vertical projection will stand on the ground line. 

Jiemarks. — a. In practice, and for brevity, the horizontal pro- 
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jection is called the plan, and the vertical projection, ^he eleva- 
tion. 

b. If, in the three preceding figures, the given lines had been 
placed behind the vertical plane, their vertical projections would 
have remained the same, and their horizontal projections would 
have appeared behind the ground line, and parallel to their present 
positions. The student is recommended to reconstruct these figures 
accordingly. 

55. In (41) projections were spoken of as drawings which show 
objects as they are^ rather than as they appear. That is, projec- 
tions show the real forms and dimensions of objects. This will 
now appear from a fuller examination of Figs. 4 and 8. In Fig. 4, 
the prism being placed with its length parallel to the ground line, 
and one of its rectangular faces parallel to the horizontal plane, its 
horizbntal projection gives the true size of that face ; and the ver- 
tical projection, the altitude perpendicular to the &ces BCEF. 
Hence the prism is thus fully given by its projections, since a body 
is said to be completely given, when, as is true in this case, such 
of its dimensions are known as enable one to find the area of its sur- 
&ce, or its solidity. 

Still more clearly is it evident, that, in Fig. 8, the plan, abed, 
gives the true width and thickness of the prism, and the elevation, 
the width and height. That is, the two projections, together, give 
the three dimensions of the prism in their real size. 

Thus it will be seen in all the subsequent figures, that the pro- 
jections of objects give their real forms, as seen when looking 
perpendicularly towards the planes of projection, and that when 
these objects are placed in simple positions with respect to those 
planes, as they always may be, their projections will give the sim- 
ple dimenrions of those objects, as in Fig. 8. 
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CHAPTER III. 

THE CONSTllUCnON OF THE PEKSPECTIVES OP OBJECTS FBOM THKIB 

• PBOJSGnONS. 

66. The preceding pictorial representatives of models of projec- 
tions, may suffice to render the subject of projections of given 
objects intelligible. We therefore proceed to illustrate the remain- 
ing points in (37) viz. the projections of the point of sight (29), the 
visual rays (30), and the constructions of true perspectives of objects 
from their projections, instead of from the objects themselves (41). 

We have seen that the eye is at an indefinitely great distance 
from each plane of projection, successively, in viewing objects as 
seen in projection (46). But objects, as seen in perspective, are 
supposed to be viewed from points at ordinary finite distances. 

The point of sight is therefore projected like any other point, as 
in Fig. 3. 

67. Since the perspective of a given point in space, is the point 
where the visual ray from that given point pierces the perspective 
plane (36), it is necessary, in the next place, to understand the 
method of finding the point in which a given line pierces any verti- 
cal plane, taken as a perspective plane (36). 

For this purpose, see Fig. 9. Here GHH' is the hoi*izontal plane,^. 
and GV, the vertical plane. AE is any line in space, joining the 
point A, behind the vertical plane, with the point E in front of it, 
Aa and Ee represent the vertical projecting lines which meet the 
horizontal plane at some points represented by a and €, and which 
therefore determine ae as the horizontal projection of AE. Like- 
wise the projecting lines Aa' and Ee', which are perpendicular to 
the vertical plane, give a'e' as the vertical projection of AE. 

This being established, -we have, by referring particularly to the 
Jine AE itself, the following, as the first method of explaining the 
construction of the desired point. 

It is evident from the figure, as just described, that any line, as 
AE, must pierce the vertical plane somewhere in its own vertical 
projection, a'e\ Also, as AE is directly over its own horizontal 
projection, ae, it must meet the vertical plane in some point directly 
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Fig. 9. 

over the point f», where its honzontal projection meets the vertical 
plane, in the ground line. Hence AE meets the vertical plane at 
n\ the intersection of a'e' with ?m', a line pei-pendicular to the 
ground line at n. 

58. Now suppose the line itself, AE, to be removed, leaving 
only its projections, ae and a'e\ to be used in finding the point n\ 
In this case, we have the following, as the second method — and the 
usual practical one — of explaining the construction of n'. If a 
point lies in the vertical plane, its vertical projection is the point 
itself; and its horizontal projection is in the ground line .(45). 
Conversely, if a point in the ground line is the horizontal projec- 
tion of some point, that point is in the vertical plane. Hence in 
Fig. 9, n, where the horizontal projection, ae, of the given line 
meets the ground line, is the horizontal projection of that point of 
the line in which it pierces the vertical plane. This point itself 
being, as already explained, in the vertical projection, a'e\ of the 
given line, and also in a perpendicular to the ground line at n, it is 
at «', the intersection of nn' with a'e\ 

Jiemarks, — a. The construction of n' being of constant occur- 
rence in exact perspective drawings, both of the above explana- 
tions should be memorized, as well as clearly understood, until 
they become thoroughly familiar. 

b. It is now evident that if E is the position of the eye, and 
QLV the perspective plane, AE is a visual ray, and n' is the per- 
spective of the point A, as seen by the eye at E. 

59. In further illustration of the manner of finding the penspec* 



26 



LINEAR PBRSPECnVS. 



tives of objects from their projections, Fig. 10 is added, which is a 
pictorial representation of the construction of the perspective of a 
straight line in space* 




Fig. 10. 



GHH' is the horizontal plane. GY, the vertical plane, is, as 
tmiai^ taken also for the perspective plane. Let AB be any 
oblique line, behind the perspective plane, and meeting the horizon- 
tal plane at B, and whose perspective is to be found. Let E, in 
front of the perspective plane, be the point of sight. By (43) e 
and e' are the projections of the point of sight. Likewise, a' 
and a' are the projections of A. The point B, being in the hori- 
zontal plane, is its own projection on that plane, and by (45) b\ in 
the ground line, is its vertical projection. Therefore, aB and a'b' 
are the projections of the given line. Now, AE is the visual ray 
from A, the upper end of the line AB ; (ze and a'e' are the projec- 
tions of this ray. Then by (58) this ray pierces the perspective 
plane at A', which is, therefore, (58J) the perspective of A. Like- 
wise BE is the visual ray from B, the foot of the given line ; and 
Be and J'e' are its projections. This ray pierces the perspective 
plane at B', which is, therefore, the perspective of B. Hence A'B' 
is the perspective of AB. 

JSemarks. — a. Since the perspective, or vertical plane, is placed 
between the eye and the given object, the object lies behind the 
perspective plane, as in Figs. 8 and 10; hence its plan will appear 
behind the ground line. 
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b. In all cases where two planes of projection* are used, as just 
shown, the vertical plane of projection is also the perspective plane, 
and, therefore, contains both the vertical projection and the per- 
spective of the given object. 

c. By erasing the lines AB, BE, and AE, so as to leave only their 
projections, also the projecting lines Ao, Aa', Bd', Ee, and Ee', the 
remuning lioes would show pictorially the construction of the per- 
spective, A'B', from the projections, only, of AB, and of the ray 
AE. 

The construction of such a figure is left for the student to make. 



' 
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CMAPTER IV. 

REAL PBOJECmONS, AND PEBSPECTI/ES MADE FROM THEK. 

60. All the preceding figures are only the pictures of prqfec- 
tiona, a,nd pictures of the perspectives^ made from those projections, 
and not the projections and the perspectives themselves. They are 
pictorial representatives of the models which would show given 
objects, the eye, the perspective plane, and visual rays, as they 
actually exist in space. 

It is, therefore, next to be found how these projections and per- 
spectives themselves are r^resented. In doing this, we seek first 
the method of representing the planes of projection, which are 
really at right angles to each other, upon a single flat smface, as a 
sheet of paper. 




Fig. 11. 

61. From Fig. 11 it is evident that, if the vertical plane, GWj, 
be revolved directly back about the ground line, GL, as an axis, 
until it coincides with the back portion, GH', of the horizontal 
plane, all the points of the vertical plane will describe circular arcs 
in the direction of the arrows, and in planes pei-pendicular to the 
ground line. If, then, A be a point in space, and in front of the 
vertical plane, and a and a\ its projections, a'l will describe the 
quadrant a\ a', and will be found in the line ana\ a perpendicular 
to the ground line through the horizontal projection, a, of the 
given point. 

62. According, now, to this illustration, the following method 
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is universally agreed upon as the one to be practically adopted in 
representing projections. 



n. 



i/7. 

Fig. 12. 

Having drawn any line, GL, Fig. 12, upon the drawing paper, 
to represent the ground line, it is understood that all that portion 
of the paper below or in front of the ground line, represents the 
front part of the horizontal plane of projection^ and that the por- 
tion above or back of the ground line, represents both the back 
part of the horizontal plane, GH', Fig. 11, and the vertical plane, 
GV, Fig. 11. 

Hence, make na and na\ Fig. 12, equal respectively to na and 
na'i, or na'i, on Fig. 11, and a and a' will represent, not the pic- 
tures of the projections of A, but the projections themselves of 
that point. Accordingly, as in (44), the point supposed is named 
by its projections, and we say " the point aa '," meaning the point 
in space whose projections are a and a\ and which is at the height, 
a'n, above the horizontal plane, and distance, a/i, in front of the 
vertical plane. 

63. Having now shown, pictorially, the manner of representing 
the projections of points, upon the planes of projection when in 
their real position (43) and as shown after revolution (61) and the 
manner of finding the perspective of a point, or a line (585-59) the 
way is prepared for the connected review embraced in the three 
following figures, which show first : a pictorial representation of 
the construction of the perspective of a point, on the perspective 
plane in its real position ; second: a similar view after the revolu- 
tion of the perspective plane into the plane of the paper; and 
third: an actual construction of the real perspective of a point. 

64. In Fig. 13, E is the position of the eye, e is its horizontal 
projection, and e' is its vertical projection. Ce' = E^ shows the 
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height of the eye above the horizontal plane, and G « »« £ «' sho w^s 
its distance in front of the yertical plane, LGP, which is also the 
perspective plane. 




Fig. 13. 

A is the point, whose pei'Spective is to be found, a is its horizon 
tal projection, and a' its vertical projection. Ba' = Aa shows 
the height of A above the horizontal plane GHH; aB ==^ a'A 
shows its distance behind the perspective plane LGP, and CB 
shows its distance to the right of the observer standing at e. Thus 
the position of the point is completely indicated with respect, 
both to the eye at E, and the perspective plane (22). 
We have, now, the following statement of this problem. 
Given: GHH, 
LGP, 
E, and 
A. 
Required^ the perspective of A, given in its projections a and 
a'/ on LGP, as seen from E, given also by its 
projections e and e', 
ConetrucHon, Draw <ie and «'e', and note w. At n erect 

ns perpendicular to GL and note «, where it 
meets a'e\ Then s will be the required per- 
spective of oa', that is, of A (58). 
66. This being established, we proceed according to (63) to 
repi'esent, pictorially, the revolution of the perspective plane back- 
ward into the horizontal plane, so as to show the above construc- 
tion in a single plane, as is done in practice. The several quarter 
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circles, Fig. 13, represent the revolutions of the several points a', e', 
etc., aboat GL as an axis, till they reach the horizontal plane. 

Thus LGP' is the revolved position of the perspective plane 
LGP, and a'^ b\ and e' are the revolved positions of a', «, and e\ 
respectively. Then a' e" is the revolved position of the vertical 
projection a' e' of the ray AE, and n «' the revolved position of 
n8^ giving «', as the revolved perspective. 

Since the horizontal plane is unmoved, all points upon it remain 
fixed, and a and a" are the projections of A, e and e" the projec- 
tions of E, and (xe and aV the projections of the visual ray AE. 

Observe, now, that when the two planes are no longer shown in 
their real position, the ray itself, AE, can no longer be shown, so 
that Fig. 14 shows separately, and pictorially, all of Fig. 13 that 
can appear when the two planes are represented as one surface. 
Fig. 14 evidently shows, however, according to the last article, all 



that is essential in finding «, the perspective of eta' as seen from 
the eye at ee', 

67. Finally ; Fig. 15 shows the pictorial representation in Fig. 
14, transformed into an actual construction, according to (62). 

[Note. — ^While a lungle complete illustration, fully explained, 
soliices for the purposes of a text book, the learner, in order to 
avoid confusion of mind in his progress, should make himself per- 
iectly familiar with each successive stage of the subject, by con- 
structing a variety of figures, similar to those thus fiir given.]. 

Proceeding, now, with Fig. 15, aa'' is the given point, at a distance 
equal to ad, back of the vertical plane, and at a distance equal to 
a'd above the horizontal plane, ee' is the point of sight, at a dis- 
tance equal to eft in front of the vertical plane, and at a distance 
equal to e'ft, above the horizontal plane. 

From the preceding descriptions, it follows that ae is the horizon- 
tal projection of a visual ray from the given point aa', and a*e* is 
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its Tertical projection. Then p, the point where the horizontal 
projection of this ray meets the ground line GL, is the horizontal 
projection of that point of the ray in which it pierces the vertical. 




Fig. 15. 



i. «. the perspective plane (58). The latter point being also in the 
vertical projection of the ray (57,58) is at P, the intersection of a'e' 
with jE>P, a perpendicular to the ground line at p. Therefore P is 
the perspective of (xa\ as seen from the point ee\ 

68. Ill order to find the perspective of any object, we have only 
to find the perspectives of its separate points, exactly as just 
described. Hence the following explanations will not be so minate 
for each point, as the one just given. We shall now proceed to 
explsun the construction of the perspectives of the leading elemen* 
tary solids, viz. the prism, pyramidy cylinder^ c<me, and sphere; toge- 
ther with various subordinate practical particulars. And though this 
may not in i£^6{/^ interest the learner as much as the representation 
of objects whose perspectives have more of pictorial effect, yet the 
recollection that no other method will so concisely afford an equally 
abundant variety of universaUy useful methods of practiced ope- 
ration, in subsequent practical examples, may suffice to com- 
pensate for the comparative inelegance of the perspectives jiow to 
be explained. 

Example 1. — ^To find the Perspective of a Vertical Square 
Prism, situated as shoivn.in Fig. 8. 

From Fig. 8 it is evident, that when the perspective plane is 
revolved backward, the lines c'C and e^T)' of the elevcUion (66a) will 
exactly fall upon the lines cb and da of the plan. Hence, in Fig. 16$ 
ABCD and c'd' CD' are the correct projections of a square prism 
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standing on the horizontal pl.ine, at the distance (TD behind the 
vertical or perspective pt.inc. 
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FiQ. 16. 



Let KE' be the position of the eye. The rays from c' and C, 
being one directly over the other, have the same horizontal projec- 
tion, CE. Then by (67) CE— c'E' ia the visnal ray (58ft) from the 
front left hand comer, Cc', of the base, and^ is the perspective 
of that corner. CE — CE' is the ray fioin the corresponding upper 
comer CC. It pierces the perspective plane at F, which is there- 
fore the perspective of CC. Likewise the visual ray DE — d'Ti.' 
pierces the pei-spective plane at 0, which ia therefore the perspec- 
tive of the point Dtf; and the visual ray DE — D'E' pierces the 
perspective plane at O, giving the perspective of the point DD'. 
Hence the figure F/Oo ia the perspective of CD — c'd' CD', the 
fr6nt face of the given prism. Finally, BE and rf'E' are the projec- 
tions of the visual ray from the right hand back corner, B, d', of the 
hase of the prism. This ray pierces the perspective plane at «, the 
)>erspective of this comer. Also BE — D'E' is the visual ray from 
the corresponding comer, B,D', of the upper base. This ray gives 
N as the pcrepectivt of B,D'. Then drawing ON, on, and nN, we 
flhall have the complete perspective of the viable edges of the 
given prisra. 

69. Jtemarka. — a. Obsen-e that^o and FO are, by the construc- 
tion, pai-gllel to the ground line GL, and to the lines CD — o'tf , and 
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CD - CD', of which they are the perspectives. Also that the riglit 
haod edges, BD — d' and BD — D', of the bases, are perpendicular 
to the perspective plane, while their perspectives on and ON meet 
at £', if produced. This is easily explained from elementary geo- 
metry. Planes containing the eye and the vertical edges, as at C 
and D, are vertical planes, standing on the lines CE and VE. 
Hence they must intersect the perspective plane, which is also ver- 
tical, in lines, kF and hO, which will be vertical, that is parallel to 
the vertical edges of the prism, at C and D. 

In like manner, since the top and bottom edges, c'd' and CD', 
are parallel to the perspective plane, the planes passed through 
them and the eye, must intersect the perspective plane, in lines j(% 
and FO, which will be parallel to those given edges, 

b. Planes through the eye and the edges DB-<r and DB-D' 
which are perpendicalar to the perspective plane, will contain the 
visual rays from J),d' and DD' and will, themselves, be perpendica- 





lar to that plane. They will therefore' intersect each other in a line, 
perpendicidar to the perspective plane at E'. Hence their inter- 
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sections with the perspective plane, which will be the indefinite 
perspectives (37) of the edges contsdned in them, will be the lines 
dTE', and D'E'. 

Example 2. — ^To find the Perspeotive of a Triangular 
Pyramid. 

This example embraces the perspectives of oblique lines, abc — v 
and a'b'& — v\ Fig. 17, are the projections of a triangular pyramid, 
standing on the horizontal plane, and behind the vertical plane. E 
and E' are the projections of the point of sight. aE — a'E' is the 
visual ray from the point aa' of the base of the pyramid. This 
ray pierces the perspective plane at A, the intei*section of y!A. and 
a'E'. A is therefore the perspective of oa'. Likewise, by the rays 
5E — i'E', and cE — c'E', we find B and C, the perspectives of W 
and ec\ vE — t^'E' is the visual ray from the vertex vv\ and it 
pierces the perspective plane at V, the intersection of AY and 
t>'E', giving V as the perspeotive of vv\ 

Joining the points now found, ABC — Y is the perspective of 
the given pyramid abc-v — a'J'c'-t;', as seen from EE'. 

Memark. — ^The student should construct other figures by the 
above method, till quite fitmiliar with it. 
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CHAPTER V. 



BEHOVAL OF PEACTICAL DIFFICULTIES ARISING FEOM THE CONFU- 
SION OF PROJECTIONS AND PERSPECTIVES. 

g I, — First Method. Translation^ forward^ of the JPerspecttve 

Plane. 

70. The perspective plane being between the eye and the given 
object, the plan of that object must lie behind the ground line. 
Also, as the perspective plane contains both the vertical projection 
and the perspective of the object, these two must both fall upon the 
plan, when the perspective plane is revolved back into the horizon- 
tal plane ; as seen in the last two examples. 

The confusion of lines arising from this source is sufficiently ap- 
parent from Figs. 16 and 17, though they embrace very simple 
objects, and remove the perspectives as far as possible from the 
projections, by placing the eye considerably to one side of the 
projections. 

71. Hence, before proceeding further with practical constructions, 
we shall present a simple method of obviating the difficulty just 
mentioned. This method consists in transferring the perspective 
plane, with all the points in it, directly forward, far enough to allow 
it to be revolved back so as to lodge the figures in it entirely below, 
or in front o^ the plan. 




Fig. 18. 

This method is illustrated in Fig. 18. A is a point whose projec- 
tions are a and a', on planes seen edgewise and in their real posi- 
tions at right angles to each other, at aGG' and GP. E is th* 
place of the eye. Then X represents the perspective of aa\ 
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When, now, the perspective plane 6P is revolved back as shown 
by the aiTows, carrying a' and X to a" and X', a,X' and a" will be 
crowded together. But suppose the perspective plane to be first 
moved forward — carrying along the points a' and X — to a new 
position GT', and then to be revolved. The perspective, X", will 
then appear at X'", free from the plan ; and it may also be freed 
from the elevation, in ^prai^tice, by erasing poi*tions of the latter 




Pig. 19. 

from time to time, as the construction of the perspective progresses 
or by transferring only the perspective points. 
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The dementary examples of the last chapter are here continued, 
according to the method just explained. 

Example 3. — ^To find the Perspective of a Cube, -which 
stands obliquely "with respect to the perspective plane. 

See Fig. 19. aeeg is the plan of a cube thus situated, and a'Vc*f 
is its elevation. 

The ground line GL indicates the first position of the perspective 
plane, and G'L' shows its position after translation forward. E is 
'the horizontal projection of the point of sight. Being in the hori- 
zontal plane, its position is not affected by the translation of the 
perspective plane. E' is the vertical projection of the point of 
sight, shown only on the second position of the perspective plane, 
since it is used only there. For a similar reason, the vertical pro- 
jections of the visual rays are shown only on the second position 
of the perspective plane. aE is the horizontal projection of the 
visual rays from the two points aa* and afi' (Ex. 1.). By making 
Va'' —■ Va\ and in dV produced, we find the projections of a' and 
V upon the second position of the perspective plane. Likewise 
we find f\ e"y c", etc. Then, for example, aE and a"W are the 
projections, employed, of the visual ray from a^a'^\ or, more 
briefly (58) aE — a"E' is the visual ray from a^a'\ This ray 
pierces the perspective plane at A, the intersection of a"E' with 
the perpendicular to GL, at A, where the horizontal projection, 
aE, of the ray meets the real^ that is the original position of the 
ground line (57-8). Then A is the required perspective of a,a". 
Other points as B,F, etc., of the perspective of the cube may be 
found in a precisely similar manner. The construction of some of 
the points is therefore omitted, to avoid unnecessary confusion of 
the figure. Thus, the perspective of the point, c,<?" will be at the 
intersection of a line d"W with the perpendicular to GL at n. The 
perspective of the back upper corner g^ g" is likewise at the inter- 
section of a ray from g" to E\ with the perpendicular to GL 

at o. 

Remourk, — ^The perspectives of other plane-sided objects, in 
various positions, should be constructed by th^ learner, by the 
method just explained. For example, let Fig. 17 be re-construct- 
ed according to the method of Fig. 19. 

§ n. Second Method. Use of three Planes. 

72. The confusion of the diagrams, arising from the confounding 
together of the perspective with either or both of the projections 
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of the given object, may be still further avoided by r 
perspective plane a third plane, separate from both of the plar 
of projection, and at right angles to both of them. 

This is acoompUsbed in the manner illustrated in Fig. i 
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OHH is the horizontal plane of projection ; V V, the vertioal 
plane of projection, and OLQ the perspective plane. P is a point 
in space, whose perspective is to be found, p represents its hori- 
Bontal, and p' its vertical projection. E is the position of the eye, 
e its horizontal, and e' its vertical projection. Then PE represents 
the visual ray, whose intersection with OLQ will be the perspec- 
tive of P. ^ is the horizontal, and p' e' the vertical projection 
of this ray. The perspective plane OLQ is perpendicular to both 
of the other given planes, and LQ is its intersection with the ver- 
tical plane of projection. LQ is called the trace of OLQ upon the 
vertical plane of projection. Then, as in previous cases, P], the 
perspective of P, is in the line n Pj, perpendicular to the ground 
line OL at n. Likewise it is obviously in the line r Pi, perpendicu- 
lar to the trace LQ at r. Hence P ia at the intersection of n Pi 
and r P,. 

73. Now in order to bring all three of these planes into a single 
surface, as is done in practical drawing, the perspective plane may 
be revolved about its trace LQ till it coincides with the vertical 
plane VV, which may then be revolved back as usual around the 
principal ground line, HL|. Bnt by such a proceeding, the per- 
spective of an object would by revolution fall npon the vertical 
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projection of that object. Hence the perspective plane is moved 
towards the eye, and parallel to its first position to some con- 
venient new position as n,Lir„ before being revolved. Then, as 
every point of the perspective plane moves parallel to the ground 
line, n will appear at Wi, and r at r^y and after revolution in the di- 
rection »in„ the vertical line nP, will appear at WaPg, and the 
horizontal line rP,, at rj?2* Hence P will be the perspective of 
P, after the translation and first revolution of the perspective 
plane. 

74. The perspective of a point by the method of three planes, 
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Fig. 21. 



shown ptotorially in Fig. 20, is shown as an actual construction in 
Fig. 21. The former figure is exactly transformed into the latter 
by making the corresponding distances equal in both, and by letter- 
ing the same points with the same letters, so far as shown at all. 

pp' is the given point, given by its projections, ee' is likewise 
the point of sight, nLr the first, and njjiri the second position of 
the perspective plane, thus indicated as at right angles to both 
planes of projection, pe—p^e' is the visual ray from pp'y which 
pierces the perspective plane nLr at a point whose projections are 
n and r. After translating this plane, parallel to the ground line, 
to the position WiLi?*,, these points appear at /i, and r^. Then, by 
revolving the perspective plane from niLiA into the vertical plane 
of projection, the point nxVx describes a horizontal arc about the 
point L„ r^ as a centre. The projections of this arc are w.w^ and 
r,P , and P^ thus appears as the perspective of pp*. 
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Hemarks. — a. The perspective plane must, in Fig. 21, be trans- 
lated to the right so as to revolve to the left, in order that the right 
band of the perapective ma^ continue to correspond with the right 
hand of the object drawn. This will be obvious on inspection in 
the succeeding examples, wherever three planes shall be used. 

b. Either of the methods of disposing of the perspective plane, 
explained in this chapter, will be used at pleasure in the solutions 
which follow. The student is advised to solve the subsequent 
problems, on three planes, when two are used by the author, and 
vice versa. 

To assist therefore in becoming more familiar with the use of 
three planes, the following practical problem is given. 
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Fig. 22. 

EzAMPLB 4. — ^To find the Perspeotive of an Obelisk, com- 
posed of a frustum of a lon^ pyramid, capped by a short 
pyramid. 
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Let the square acbd—c'd\ Fig. 22, be the hoi-izontal and verti- 
cal projections of the base of the obelisk ; and v^not — v'-Wt' the 
projections of the cap pyramid. 

Let PQP' be the first and real position of the perspective plane, 
at right angles to both planes of projection. Let PiQiP'i, be its 
second position, parallel to the first, from which it is revolved 
around P'lQi, its intersection with the vertical plane, until it coin- 
cides with that plane. EE' is the point of sight. 

To find the perspective of any point, as aa\ of the base. aE and 
a'E' are the projections of the visual ray from this point. This ray 
pierces the perspective plane at gg\ This point, after translation^ 
appears at ^i^i', found by drawing ggi and ^'^/, parallel to the 
ground line. After its revolution through the horizontal quarter 
circle whose projections are gig^ and gi A, it appears at A, the inters 
section of ^/A with ^aA, perpendicular to the ground line QQi. 

In like manner C and B, the perspectives of cc* and W are 
found. 

Note that hh\ the invisible conier'of the base as seen in ver- 
tical projection, is the right hand corner, to the eye at EE' looking 
in the direction Et;. 

To find the perspective of any point of the cap pyramid, we also 
proceed just as before. Thus, oE — o'E' is the visual ray from the 
comer oo'. This ray pierces the perspective plane PQP' at pp\ 
which is translated to p\Pi\ and from that position revolved in a 
horizontal arc, as before, to O, the perspective of oo\ 

Memarha. — a. Every point of the perspective being thus found 
in precisely the same manner, the construction of several of them 
is left to be made by the student. 

h. Observe also, that as the operations in Figs. 21 and 22 are 
precisely similar, the perspective of any object, by the method of 
three planes, is simply, and only, a continued repetition of the con- 
struction of the perspective of a single point, as in Fig. 21. 

c. Practice is required, however, to enable the learner to under- 
stand readily the form and poaUion of any given oljectfrom its 
prelections^ and to determine eaaly, by mere inspection, the pro- 
jections of those points which are seen from the given point of 
sight. Hence, again, the student is advised to construct the per- 
spectives of various other simple objects, from their projections, as 
in this example. 
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CHAPTER VI. 

P^BOJBOnONS AND PEBSPEGTrVES OF CIRCLES, AND OF BODIES HAYING 

PAETLY OB WHOLLY CIRCULAR BOUNDARIES, 

75. The outlines of almost all artificial objects will be found, by 
analyziDg them, to consist of straight lines and circular lines. 
Having now shown how to find the perspectives of points, straight 
lines, and plane sided figures, both pictoiially and by actual con- 
struction, we next proceed to explain the construction of the per- 
spectives of circles, and of various bodies bounded in part, at least, 
by circles. 

Example 5. — ^To find the Perspective of a Circle lying in 
tlie horizontal plane. 

The method by two planes, with the vertical or perspective plane 
translated forward before being revolved back into the horizontal 
plane (71) is here employed. See Fig. 23. 

Let acde be the horizontal projection of the given circle. As 
this circle lies in the horizontal plane, its vertical projection, a'd\ 
must lie in the ground line LL (45). Now let the perspective 
plane, which is perpendicular to the paper at LL, be translated 
forward to the parallel position LX', and then, as usual, revolved 
backwards into the horizontal plane, or plane of the paper. Then 
take EE' as the point of sight, and let all the vertical projections 
be shown on the translated position of the perspective plane. 
Accordingly, a'dT will be the new vertical projection of the given 
circle. bK is the horizontal, BxidfW the vertical projection of the 
visual ray from the point b^ in the circle. The point n^ where 
the horizontal projection b'E meets the ground line, LL, is the 
horizontal projection of that point of the ray itself in which it 
pierces the perspective plane (58). The latter point is at once in 
the perpendicular, nB, to the ground line, and in the vertical pro- 
jection /'E' of the same ray. Hence the desired point is B, 
which is the perspective of ft, f. 

(This being a new form of example, the construction of the per- 
spective of one point is explained as minutely as if it had not been 
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explained already. The details of the explanatiou will there- 
fore be omitted in future similar constructions.] 




Fig. 23. 

The ray cE^*E' pierces the perspective plane at C, which is 
therefore the perspective of <3,c'. In Jike maimer the perspectives 
of any other points can be found. 

By inspection of the vertical projection, d'dl' ^ it appears that 
the extreme visual rays, as a^E', as seen in vertical projection, are 
those which proceed from the opposite ends of the diameter whose 
horizontal projection is o^. Hence rays from points, as g^ before 
that diameter, or 5, behind it, find theii* vertical projections, ^^E' 
and j^E' within a^'E'. Hence no point of the perspective of the 
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circle can appear outside of the ray a'E', and therefore the per- 
spective must be tangent to a^'E', at A, the perspective of axi'^ 

The similar result, at the perspective of ^, is not shown, as it 
could not appear distinctly on account of the position of EE'. 

The rays whose horizontal projections are tangent to the plan 
at g and <?, include the other rays between them. Hence all points 
of the perspective are between the pei'pendicalars mD and A(3-, and 
the perspective is tangent to these perpendiculars at D and G. 

Through the points found in the figure, the perspective can 
accurately be sketched, since, when points are points of tan- 
gency, they greatly assist in rightly judging of the form of the 
carve containing them. 

76. In the previous perspectives of plane-sided figures, which 
are distinguished by well defined edges and corners, however viewed, 
it will be observed that it can be determined, by simple inspection, 
which edges will be visible from the point of sight. But, in the 
case of objects bounded partly or wholly by continuous curved 
surfaces, the consequent partial or total absence of limiting edges 
makes it necessary to discover the visible boundaries by more or 
less of preliminary construction. Hence, a few additional defini- • 
tions and principles are introduced here for use in the following 
problems : 

77. Other planes than the planes of projection, go by the general 
name of anxiliarT/ planes. 

Their positions are indicated by their intersections with the 
planes of projections, called their traces. 

Each of these traces takes its name from the plane of projection 
in which it is found. 

78. The point where either trace meets the ground line is 
where the plane cuts the ground 

line ; hence both traces of a pla?ie 
must meet the ground line at the 
s(xme pointy if they meet it at all. 
The traces of a plane will meet 
the ground line unless the plane 
is parallel to that line. 

79. If, as in Fig. 24, a plane is 
vertical, but oblique to the ver- 
tical plane of projection, its verti- 
cal trace, VT, will be perpendi- Yig. 24. 
cular to the ground line, G L. 

80. If, as in Fig. 25, a plane is perpendicular to the vertical 
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plane of projection, its horizontal trace, HT, will be perpendicular 
to the ground line, G L. 

If a plane is perpendicular to both of the planes of projection, 
both of its traces will be perpendicular to the ground line, as we 
have seen in (72-74). 




Fio. 26. 



81. Again ; when a plane is vertical, that is, perpendicular to 
the horizontal plane, all points and lines in it are horizontally pro- 
jected in its horizontal trace ; since the horizontal projections of 
points and lines are vertically under the points and lines themselves. 

Likewise, when a plane is perpendicular to the vertical plane of 
projection, all points and lines in it find their vertical projections in 
its vertical trace. 

82. Any plane containing the point of sight, contains an indefi- 
nite number of visual rays, whose directions radiate in all direc- 
tions, in that plane, and from the eye. Hence such a plane is called 
a visual plane. 

83. A visual plane being thus composed of visual rays, if such 
a plane be passed through a line whose perspective is to be found, 
the trace of that visual plane on the perspective plane will be the 
perspective of the given line. See Ex. 1, Rem. 5, also Fig. 10, 
where the plane triangle EAB serves to mark the visual plane of 
indefittite extent, and containing the line AB. A Bi is a portion of 
the trace of this plane on the perspective plane, and is, therefore, 
the perspective of AB. 

84. For the reason just given (82), the point or line at which a 
visual plane is tangent to a curved surface, is a point or line of the 
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viable contour of that surface. The perspectire of this visible 
contour »r boundary, is the boundary of the required perspeo- 
tire. (32.) 

Ex. e.— To Qnd the Perspeotive of a Cylinder, standing 
on the horizontal plane. A cylinder, seen from above, as it 
stands on the horizontal plane, appears only as a circle. As seen 
looking forward at it, perpendicularly to the vertical plane, its 
diameter and height are viable. Hence the drde tytei, Fig. 28, 
and the rectangle n'o'p'r' are the projections of a cylinder in the 
given position. 





This being established, £A, tangent to the horizontal projection 
of the cylinder, is the horizontal trace of a vertical vimal plane, 
tangetU to the cylinder atonff a vertical line of ilt «on«eai mmfwx at 
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A. likewise, "Ea is the horizontal trace of a similar plane, tangent 
to the cylinder along a vertical line at a. The vertical projections 
of these lines are h'k' and a'b\ and they are the projections of the 
visible boundaries of the convex sur&ce, as seen from E£'. The 
tangent planes being vertical, their horizontal traces, as EA, are 
the horizontal projections of both of the visual rays, asEA-E'A' and 
EA-E'A;', from the lower and upper extremities of the lines of con- 
tact, as h-h'k\ (81.) 

This being understood, nothing peculiar remains in the con- 
struction of the perspective, ABFK, of the cylinder. Thxis, the 
perspective of the point oa' of the lower base, is found by drawing 
the visual ray, aE-a'E', which pierces the perspective plane at A, 
the intersection of a'E' and qA^ perpendicular to GL at q. Like- 
wise, K, the perspective of the point A, k' of the upper base, is at 
the intersection of k'W and «K, ife'E' being the vertical projection 
of the visual ray from A, A?', and sK the perpendicular to GL from 
the intersection of GL with AEI, the horizontal projection of the 
same ray. 

Any other points on either base may be assumed at pleasure, 
and their perspectives may be similarly found, as shown in the 
figure, also in Fig. 23. Only observe that, as the eye is below the 
top of the cylinder, all the visible points of the bases are between 
a and A, and on the side towards E. The three following remarks 
should now be carefully noted for general use : 

Hemarks, — a. Since there will, even when great care is taken, 
often be slight instrumental errors in the construction of points, the 
curves in the perspective can be more advantageously drawn by 
carefully connecting a few carefvUy constructed points by easy 
curves, than by finding many points in those curves. 

5. The figures in this book being designed for purposes of instruc- 
tion, necessarily show the lines of construction much more fully than 
is necessary in practice. For example, in finding the point B, Fig. 
26, it is not necessary actually to draw either aE, ^'E', or g'B, but 
only to mark the point q in the line aE, then to draw little frag- 
ments of ^'E' and g'B, just at their intersection B. 

Likewise in Fig. 22, all that is essential in finding O, for example, 
after drawing o& — o'E', is to make jOi'O equal to Qj9, and in the 
horizontal linejo'jo/. 

c. Another matter of still greater practical importance, is the 
wder in which the lines of construction should be drawn. AU 
the Urns necessary for finding ths perspective of one pointy should 
be drawn^ before proceeding to draw those by which a neuf 
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poiM isfotmd. Thus in Fig. 2(5, draw orE, «'E', and g'A, which give 
the point A. That step being finished, proceed to draw cE — c'E' 
tLTid U which determine t / 4fi;c. 

If, on the other hand, all the lines to E'", for example, be drawn 
before drawing any to E^ there will be a considerable liability to 
mistake in noting wrong intersections 5 which conld not possibly 
happen by the fii'st method of operating, 

d. In every case like this, where points of the vertical projection 
arc shown only on the second position of the perspective plane, its 
Jtrst position, at GL, need not be supposed to be revolved back into 
the horizontal plane, but to remain perpendicular to the paper till 
after translation to its second position at GX'. 

86. The Qonvex surface of a cone, as V-ATB, Fig. 27, is com- 
posed of straight lines, which meet at its vertex, Y. Hence a plane 
may be made to rest on this convex surface, along any one of its 
straight linos. This plane will be tangent to the convex surface. 

When this plane contains the point of sight from which the cone 
is viewed, it will be a vi&uai tangent plane, and the line on the cone 
along which it is tangent, will be a boundary between the visible 
and invisible portions of the convex sur&ce of the oone. There 
will evidently be two such tangent visual planes, and boundaries, 
for any cone. 
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Pio. 27. 

In Fig. 27, let E be the point of sight from which the cone 
Y-ATB is seen. Then, as all the lines of the convex surface meet 
at the vertex, Y, the two tangent visual planes through E, will also 
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pass through Y, and hence both will contain the visual ray EV, 
through the vertex. 

Now let HK be a horizontal plane on which the cone V-ATB 
stands, and let P be the point where the visual ray EY pierces this 
plane. 

It will then be evident on inspection of this figure, or of a paper 
model such as the student can make ; 1° : That as EP is a line com- 
mon to both of the tangent planes, P, where EP meets the plane 
HK, will be a point common to the traces (11) of both of the tan- 
gent planes npon the plane HK. 2^ : That these traces, being the 
intersections of planes with each other, will be straight lines ; and 
3° : That as each visual plane is tangent to the cone along a straight 
line of its convex surface, the trace of either visual plane upon HK 
will be tangent to the base of the cone, which lies in the plane HK. 

Therefore to find T, and hence TV, a line of contact of a tangent 
visual plane with the cone, draw PT, tangent to the cone's base, 
and TV will be the cone's apparent contour on one side, as seen 
from E. Likewise draw P^, and ^V will be the opposite visible 
boundary of the cone's convex surface, seen from E. 

We will now proceed to show this pictorial illustration in true 
projection, with the perspective of the cone. 

Example 1. — ^To find the Perspective of a Ck)ne| standing 
on the horizontal plane. 

1.° — Preliminary eoi^anation of the projections. Fig. 28. 
Three planes are here used, the horizontal and vertical planes of 
projection ; and the perspective plane, placed at right angles to 
both of them. 

The cone is supposed to stand on the horizontal plane. In this 
position, its horizontal projection is a circle V-TAB, and its verti- 
cal projection is an isosceles triangle Y'A'B', whose base equals the 
diameter of the base of the cone. 

2°. — Construction of the apparent contour of the cone. Let E 
and E' be the projections of the point of sight. Then YE and Y'E' 
are the projections of the visual ray through the cone's vertex. 
This ray is common to the two tangent visual planes which contain 
the visible limits of the cone's convex surface. Now to find N, 
where this ray pierces the horizontal plane. If a point is in the 
horizontal plane its vertical projection will be in the ground line, 
hence, conversely, that point, as W^ of the vertical projection of a 
line, which is in the ground line, is the vertical projection of that 
point, as N, which is in the horizontal plane (45). Hence the ray YE- 
Y'E' pierces the horizontal plane at K, and by (85) NT and N^ are 



PBOJECriONS AND PEBSPJSCnvSS OF CIBCUULB BODIES, 



51 



tire horizontal traces of tangent visual planes, and TV-T'V' and 
lV-/'V' are their elements of contact with the given cone. These 
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Fig. 28. 



elements, with the portion TA^ of the base, form the cone's appa- 
rent contour. 

3*. — Kov) to find the perspective of this contour^ that is, of the 
cone. The preceding topics (1* and 2*) contain all that is peculiar to 
this problem. The construction of the perspective is the same as in 
previous examples where three planes were used. The construc- 
tion of y, only, is therefore explained to assist in the outset of the 
solution, and the rest of the figure is lefl to be traced out by the 
student. The visual ray, VE-V'E', pierces the perspective plane 
in its real position, PQP', at oa'. After translating this plane to 
the right, to any convenient distance, as at PfQiP/, it is revolved 
about its vertical trace QiP/, as an axis, and into the vertical plane. 
Thus aa' proceeds to aia/ and then revolves in the arc aiO^ai'V 
to Y\ the perspective of W. (74.) 

By constructing, in the same way, the perspectives of TT' ; AA', 
the point of the base which is nearest to the eye ; and tt\ the per- 
spective figure can be completed. 

Itemark. — ^The eye being here placed below the vertex, N and E 
&11 on the same side of the cone, less than half of which is therefore 
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visible. When, as in Fig. 27, tbe eye is above the vertex, P (corre- 
sponding to N in Fig. 28) and £, are on opposite sides of the y^rtfx, 
and evidently more than half of the cone will be visible. Let the 
student construct the perspective of a cone under the latter condi- 
tion, as above, or taking the vertical plane as the perspective plane, 
as in Fig. 26. 

86. Of the five chief solids of elementary geometry (68), the 
cone is the one which embraces in its outline the three piimaiy 
geometrical elements, viz. the pointy straight liney and circle. 
Hence the most instructive variety of operations will be £)und in 
constructing perspectives of cones in various positions, such as the 
following. 

Example 8. — ^To find the Perspeotive of a right Cone 
"with a oiroular base, "^hose axis is parallel to the ground 
line. 
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Fig. 29. 



We shall employ two planes, and wiU first explain the projections 
of the cone. Let GL, Pig. 29, be the first, and GX' the second 
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pontion of 'tlie pergpective plane, a^d let the vertical projection be 
shown on this second position only. 

When the axis of a cone, of the kind here given, is parallel to 
the ground line, it is parallel to both planes of projection, and the 
projections of the cone will be simply two equal isosceles triangles, 
with their bases perpendicular to the ground line. Thus VCD is 
the horizontal projection of the given cone, and V'A'B' is its ver- 
tical projection. 

According to (44) A' is the lowest, and B' the highest point on 
the cone's base. In looking down on a cone, these points will appear, 
one directly under the other and in the middle of the width of the 
cone. Hence on the plan, VCD, the point B is the horizontal pro- 
jection of both A' and B', 

In like manner (44) O is the foremost and D the hindmost point 
on the cone's base, and C, the middle point of the height of that 
base, is the vertical projection of both of these points. 

To find the projections of any other point in the base. Assume 
/ as the horizontal projection of two such points, since a vertical 
chord will contain two points, one over the other, of a vertical cir- 
cle, and two such points will appear in plan as one point. The ver- 
tical projection /\ of /J cannot be immediately found, since the line 
from /to/' coincides with A'B' and hence finds nothing to inter- 
sect at /', which must therefore be found in some other way ; for 
it is a law of aU constnustions in drawing^ that a point is always 
found as the intersection of two known lines. 

Accordingly, revolve the front semicircle, BC, of the base to the 
position BC^, parallel to the vertical plane. The points f will then 
appear at f. The vertical projection of the semicircle after revo- 
lution, is the semicircle By*'"A', and the points/'' will be vertically 
projected at /'" and g"\ By revolving the semicircle back to its 
true position, remembering that the axis of revolution is the verti- 
cal diameter B-B'A', the points/'/"' and/" g'" will revolve back 
in the horizontal arcs whose projections are f'f-f'f and /'/- 
g"^g\ giving g' and /' as the desired vertical projections of the 
points whose plan is/. 

The projections of the cone being now fully explained, nothing 
peculiar to this problem remains ; the construction of the perspec- 
tive being the same familiar operation already often repeated. Thus, 
EE' being the point of sight, VE-V'E' is the visual ray through 
the vertex which by (68) pierces the perspective plane at t?, which 
is therefore the perspective of W. E/ is the horizontal projection 
of both of the rays whose vertical projections are ^'E' and/'E'. 
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These rays pierce the perspective plane at H and F, the perspectives 
of^^' and^'. Finding other points of the base in like manner, 
and joining them, will give the perspective of the base. The per- 
spective of the convex surface of the cone consists merely of two 
lines from v, tangent to FHrf, the perspective of the base. 

Hemarks. — a. The construction of the perspective of the base is 
the same that would be used in finding the perspective of any verti- 
cal circle which should be also perpendicular to the veitical plane. 

b. The same construction of j^' and g' would be required in the 

use of three planes of projection. The perspective of such a circle 

by the method of three planes is left as an exercise for the student. 

ExAMPLB 9. — ^To find the Perspective of a Cone, "whose 
axis is parallel to the vertical plane only. 

All that is peculiar to this, and the following example, being the 
construction of the projections of the cone, they only will be 
explained ; leaving the construction of the perspectives as an exer- 
tjise for the student. 

By (52) it is evident that VO and V'C, Fig. 30, may be taken 
as the projections of the axis of a cone having the given position, 
VO being parallel to the ground line GL. The axis being parallel 
to the vertical plane, tlie base of the cone will be perpendicular to 
the same plane and A'B', pei-pendicular to V'C, and bisected at C, 
will be its vertical projection. 

Four points of the hoiizontal projection of this base are readily 
found. A' and B', the highest and lowest points, are horizontally 
projected at A and B, on the line ABV, which is the common hori- 
zontal projection of the axis, and of that diameter of the base, which 
is parallel to the vertical plane. C, the vertical projection of the 
foremost and hindmost points, is horizontally projected at C and D ; 
by making OC — OD = A'C. 

A circle, seen obliquely, appears as an ellipse. Accordingly an 
ellipse, or a smooth oval curve representing one, may now be traced 
through the points A,C,B, and D, by the aid of an irregular curve 
(9). Four intermediate points may however be easUy found, which * 
if aecuratdj/ located and regularly distrilmted^ will render it very 
easy to trace the required ellipse by hand. For this purpose, we 
therefore assume o' and n', equidistant from C. Each of these is 
the vertical projection of two points of the base. Revolve this base 
about A'B', till it becomes parallel to the vertical plane, and o' and 
W will appeal" at o" and n". o'o" or n'n^ — ^perpendicular to A'B'— 
will then be the true distance of the points at o' and n' before and 
behind the diameter A'B'. Hence from o' and n' draw projecting 
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lines perpendicular to GL, making Os = O^, and make «p «- «n -« 
tr = to=^ o'o' — n V. Then o, w, r, and p will be four regularly 
distributed points through which, and the four previously found, 
the elliptical horizontal projection of the cone*s base can easily be 
sketched by hand. 
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Fig. 30. 

To complete the horizontal projection of the cone, merely draw 
the tangents from Y to the ellipse just drawn. The arc pBn be- 
tween these tangents, is invisible, being on the under side of the cone. 

Having now the complete projections of the cone, and the point of 
sight EE', the perspective can be found as in the previous problems. 

Example 10. — ^To find the Perspective of a Cone, -whose 
axis is oblique to both planes of prcjeotion. 

For further variety, the perspective plane is here taken (Fig. 31) 
9B a third plane, PLP', perpendicular to the two principal planes of 
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projection. It is, however, recommended to the stadent to solve 
this problem with two planes only, besides the auxiliary plane 
whose ground line is gl; also to solve the two preceding problems 
on three planes. 
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Fig. 31. 

Let 6L be the principal ground line, and VA and V'A' the pro- 
jections of the axis of the cone. This axis being oblique to both 
planes of projection, the base which is perpendicular to it, is oblique 
to them both, also, and hence wiU appear as an ellipse, in both of 
the required projections, so that neither of these projections will 
show its real size. 

In all the simpler {»*eceding figures, we have seen that at least 
one of the two projections shows two of the three dimensions of a 
solid in their real size; so here, where neither of the required 
projections possesses this property, we must begin, caahoays^ with a 
projection upon an auxiliary plane so situated as to show upon it 
the real size of two of the dimensions of the cone. 
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According] J gl, parallel to AY, is taken as the ground line of an 
auxiliary vertical plane, parallel to the cone's axis ; for two dimen- 
fiions will appear in full size on such a plane. 

Now any number of different vertical projections of one fixed 
point, will be at equal heights above the ground lines of their 
respective vertical planes (44), and the two projections of the same 
point ai*e always in the same perpendicular to the gi'ound line (61). 
Hence make sY' = s'Y' and in the line W* perpendicular to gh 
Then make AA' perpendicular to gl^ and mA' == m'A', and VA'' 
will be the real size of the cone's axis, projected on the auxiliary 
plane parallel to it. 

Next make c'k" perpendicular to Y'A' and make Al'c" — A^kf ; 
and draw V'c* and V^^'', and Y''c"¥ will be an auxiliary projec- 
tion <^ the cone, showing the true size of it« altitude V^A'' and 
diameter c'ld*. 

From this auxiliary projection, make the horizontal projection as 
in the last problem ; Aa — A/*= AUc" ; also hr ^^ re ^=^ td ^^ th 
equal to A'A'", and projected down from e^ and h\ 

Having thus completed two projections, the base in the required 
vertical projection is found as Y' was. Thus cfy — AV — hUn ; 
a'o — /'S'' — A*m, &c. Then sketching the ellipse a'k'e'c\ and 
drawing the tangents to it from V, the required projections of the 
cone will be complete. 

The student can now proceed, as in previous problems where 
three principal planes at right angles to each other are used, to 
find the perspective of this cone AV — A'Y' on a perspective plane, 
as PLP', at right angles to both of the principal planes of projec- 
tion, 

JRemark. — ^The operations of projection applied to the bases of 
the cones in the several preceding problems, are the same that 
would be necessary in finding the perspectives of isolated circles 
in similar positions. Hence separate problenis upon circles have 
not been given, 

87. Here leaving Cylinders and Cones, whose surfaces are called 
single curved surfaces, because straight lines can be drawn in cer- 
tain directions upon them, we pass on to bodies having sur&ces 
called double curved, such as a Sphere, on which no straight line 
can be drawn.* 



* Aa most double curved surfaces in the arts are found on small objects^ urns, 
▼aseSi Ac, which may be drawn by the eye after their larger supporting or surround 
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Example 11. — ^To find the Perspective of a Sphere. 

88. This example is first taken, since a sphere is the simplest pos- 
sible double curved surface, inasmuch as the section of it made by 
any plane, is a circle. 

From the fact just stated, it might at first be supposed that the 
perspective of a sphere would always be a circle ; but not so, though 
it would always appear (39) as a circle, from the given point of 
sight. For the visual rays from the apparent contour of a sphere 
will always form a cone, with a circular base which is this same con- 
tour. JBut the intersection of this cone with the perspective plane, 
which will be the perspective of the sphere, will not be a circle 
unless the perspective plane is perpendicular to the axis of this cone, 
that is to the visual ray from the centre of the sphere. This 
statement touches on the subject of conic sections, but the student 
cau easily satisfy himself of its truth by placing a paper cone 
around a ball, observing its circle of contact with the sphere, sup- 
posing its vertex to be the place of the eye, and then intersecting 
the cone between its vertex and the sphere by planes in various 
positions. 

There are two quite different methods of determining the appa- 
rent contour, whose perspective constitutes the perspective of the 
sphere. The determination of this apparent contour forms the chief 
portion of the solution of the problem, and to it we therefore first 
pai*ticularly attend. 

For further and instructive variety, we will represent one of these 
methods of finding the apparent contour on two planes ; and the 
other on three planes. 

JFirst Method.* — ^The projections of a sphere will evidently be 
two equal circles, whose centres will be in the same perpendicular 
to the ground line. Then, in Fig. 32, let the circle with O for its 
centre be the hoiizontal projection of a sphere, whose centre is at a 
distance behind the perspective plane equal to the distance of O 
from the ground line LL. The equal circle whose centre is O', is 
the vertical projection of the same sphere, and the height of O' 
above LL is the height of the centre of the sphere above the hori- 
zontal plane. E and E' are the projections of the point of sight, 
and the vertical plane is taken also as the perspective plane. 

ing objects shall have been found, the two following problems may be omitted at the 
discretion of ^he teacher. 

* This method being oliiefly valuable as an intellectual exercise in the conception 
of pQfiitions ^nd motions in spacjs, it iRajbe pmitte4 ^t ^he discretion of tlie teacher, 
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It is now evident that, if a vertical visual plane EOft be drawn 
tbrongh the centre of the fiphere, it will cut a vertical great circle 
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Fig. 32, 

from the sphere, to which two tangent visual rays may be drawn. 
The points of tangency of these visual rays wiU, as such, be points 
of the apparent contour of the sphere. But to show these rays, the 
plane EOft must be revolved to a position parallel to one of the 
planes of projection. Let it be revolved about the horizontal 
diameter, od, of the sphere, till it becomes parallel to the horizontal 
plane of projection. The vertical great circle will evidently then 
appear in the great circle Mh^ on oft as a diameter. The eye is at 
the vertical distance E'n below the level, O'n, of the centre of the 
sphere ; hence, if the highest point of the vertical circle revolve to 
the right, as shown by the arrow, EE' will be found after revolu* 
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tion at e'y at the lefl of the axis of revolution ioE, and at a per- 
pendicular di&tance from it equal to En. 

This done, eV and e^dl* are the revolved positions of the desired 
tangent visual rays, and their points of tangency, c" and d\ with 
the circle -dCc^h^ the revolved positions of two points of the appa- 
rent contour. By revolving the plane containing c* and d^ back to 
its vertical position Eo^, c^ and ^ will revolve back about ah as an 
axis in arcs whose horizontal pi'ojections are c'e and d''d^ perpendi- 
cular to ah^ and will give c and d as the horizontal projections of 
these two points of the apparent contour. 

To find the vertical projection of c, for example. Consider, first, 
that it must be in a perpendicular to LL, through c, and that it is 
at a height equal to oc" above the level O'/i of the centre of the 
sphere. Hence on o-<j' make c*h = c'c, and c' wUl be the vertical 
projection of the point of apparent contour whose horizontal pro- 
jection is c. The vertical projection of d^ not shown, in order to 
simplify the diagram, will be below O'n at a distance equal to d'd. 

To find any other points of apparent contour. Intersect the 
sphere by any other vertical visual plane as E^', which cuts from it 
tlie small circle whose revolved position, about pq as an axis, is 
fg^q. In this revolution, EE' will appear at e'" ; Eg'" being equal 
to E'n and perpendicular to Eg'. The revolved visual rays e*"f" and 
e"'g" contained in this plane, give the points of contour f and ^% 
whose true positions, found as before, are f and g. The vertical 
projection of g^g'j found also as before, is g\ Any otlier points of 
contour may be similarly found. 

Finally AA', the point of contact of a tangent vertical visual plane, 
is a point of apparent contour. A similar point may be likewise 
found near c". Also two tangents from E', as E'm', to the vertical 
projection of the sphere will be the vertical traces of visual planes 
perpendicular to the vertical plane, as EA is to the horizontal plane. 
Hence their points of contact, as m'm, will be real points of apparent 
contour on the vertical great circle through 00' and parallel to the 
vertical plane of projection. 

[This comparatively tedious construction, which shows how 
greatly geometrical problems increase in complexity as we leav^ 
simple plane sided solids, shows therefore why elementary works 
on perspective so often confine themselves wholly to such solids, and 
to plane figures.] 

After finding the points of apparent contour, the construction of 
their pei'spectives is the work of a moment. Thus, to find the per- 
spective of cc', Ec -E'c' is the visual ray from this point, and by 
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(58) this ray pierces the perspeotive plane at C, which is therefore 
the perspective of cc\ By finding the perspectives of the other 
points of apparent contour similarly, and joining them, we shall 
have the perspective of the sphere as seen from ££'. To remove 
the perspective from the projections ; as hefore, translate the per- 
speotive plane forward to L'L', and c' an equal distance, and pro- 
ceed as in (Ex. 3) to find the perspective of oc' at C instead of at C. 

Xtemwrka, — a. The method just explained is, from its nature, 
called the method hy secant visual planes. 

h. The student) as soon as he clearly conceives of the positions 
and motions explained in the preceding solution, and represented in 
Fig. 32, will he able to see that the vertical visual planes, as Eaft, 
might have been revolved in two other ways. First: around a 
vertical line at E till they should be parallel to the vertical plane 
of projection. Then the vertical circle ab would appear vertically 
projected in a circle, to which tangent visual rays could be drawn 
from E'. Seeond: These planes might have been revolved to a 
similar position, each, about the vertical diameter, as at O, of the 
circle contained in it. In this case EE' would revolve to a new 
position. 

e. Again : instead of vertical visual planes, visual planes might 
have been passed perpendicular to the vertical plane of projection. 
Any line through E' and the vertical projection of the sphere would 
be the vertical trace of such a plane, and it might be revolved in 
three ways, analogous to the three ways of revolving Ea^, in order 
to show the circle and tangent visual rays contained in it. 

The completion of the constructions thus suggested, is left as a 
valuable exercise for the student. 

Second Method, — In this method we make use of these principles. 
1^ : That when a ]^ne is tangent to the surface of a cone, it is tan- 
gent all along a straight line or element of that sui-face, from its 
vertex to its base. 2' : That such a plane therefore contains the 
vertex. 3^: That, therefore, if such a plane also contains a point 
in space, it will contain the straight line joining that point with the 
cone's vertex. 4^ : That the line cut from the tangent plane by the 
plane of the cone's base is tangent to that base at the foot of the 
element of tangency (85,3°). 5°: That a cone may be circum* 
scribed tangentially around a sphere and will then have a circle of 
contact with the sphere. 6^, and lastly : That the point where the 
dement of tangency i^SL plane and cone intersects the circle of tan- 
gency of the same cone with a spl^ere^ will be the point of contact 
oi^bisXpHane with the sphere. 
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If now the given point in space (S*") be the point of sight, the tan 
gent plane will also be a visual plane, and its point of contact will 
be a point of the apparent contour of the sphere, whose perspective 
will be the perspective of the sphere. 
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Fig. 33. 



Now in Fig. 33, let Vm-A'B'<?' be the given sphere, PQF the 
perspective plane, and EE' the point of sight. Assume the circle 
A'B'-AwB^ as the circle of contact of an auxiliary tangent cone 
(5<>). The tangents VA' and VB' complete the vertical projection 
of this cone. EV-E'V, the visual ray through VV, the cone's 
vertex, pierces ATR', the plane of its base, at R'R-R' being found 
first and then projected horizontally at R (3°.) Hence by (4®) R^ 
and Rw are the traces of the tangent planes, to the opposite sides 
of the cone, upon the plane of the cone's base. Then by (4*^) and 
(6**) it* and uvl are points of contact of two visual planes with the 
sphere, and are therefore points of the apparent contour of the 
sphere. 

This being determined, we find the perspectives of U* and uu* &B 
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in preTioQS oases where three planes have been nsed. Thns, the 
visoal ray ^E^-^'E' pierces the perspective plane at W ; which is 
translated parallel to GL, with the perspective plane, to the new 
position P|P/ then revolved aboat QiP/ as an axis, into the verti- 
cal plane at T, which is the perspective of U\ The perspectives of 
other points of the apparent contour may be similarly found. 

As the eye is placed, in this problem, in the horizontal plane, 
n'E', through the centre of the sphere, the apparent contour of the 
sphere is evidently a veitical circle, hence nm, a straight line 
through t and i/, and which will be pe]*pendicular to YE, is its hori- 
zontal projection, n and m, being on the horizontal great circle ot 
the sphere, are vertically projected at n' and m^ Two points are 
horizontally projected at c, at t and at u. Those at c are on the 
vertical great circle A'B'c^', and are vertically projected at c' and d\ 
r' and $' are in the lines t-t' and %h^* and as &r below the line 
mV, as t' and t«' are above them. 

Memarks. — a. This second method is, from its nature, called the 
method of tangent vieual planes. 

b. In order to familiarize the learner more effectually with this 
beautiful method of tangent visual planes, located by the nse of 
auxiliary tangent cones, we will now apply it to an object of 
another and very different form, and with the use of three planes 
of projection. 

Among the comparatively few large double carved surfaces occur- 
ring in the mechanic arts, whose perspectives need to be accurately 
constructed, are Domes, and concave Spires, <fec., whose perspectives 
may be found as follows. 

Example 12. — ^To find the PerspeoUve of a oonoave 
Cupola-Roof. 

Let the figures with centre A and vertex A', Fig. 34, be the projec- 
tions of the cupola roof; PQP' the original, or real position of the 
perspective plane, and £E' the point of sight. The constrnction of A' 
is, after previous similar constructions, sufficiently indicated in the 
figure. Then assume BfT-B^C as the circle of contact of an auxiliary 
cone, tangent to the inside of the cupola. Drawing C'v' tangent 
to the cupola at C, we find v' the vertex of this cone. Then AE~ 
tj'E', the visual ray from this vertex, pierces the plane of the cone's 
base at R'R (Ex. 11), hence R^ and RT are the traces, on this 
plane, of two planes which are tangent to this cone on elements A^ 
and AT (not drawn) and hence to the cupola at the points tt' and 
TF (Ex.11 ; 6°). The perspectives of these points are «* and T*, 
found by making c'T' »->^o, Ao. (Ex. 6, Rem. b.) 
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At tfa« base of the capola is a roruad edged band, three pomta c( 
which, mm'/ iti»' and r' it is gufficieot to fiad in perspeeti^e^ as ai 




^^'B 



Fia. 94. 

m'f n% and r'. Through these points the perspective of the cupola 
ean be sketdied. 
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<3HAPTER Vn. 

PBRSFIBOnyJSS OF SHADOWS^ 

Otneral Princijpk9 and lUustratiims. 

89. Perspectives of shadows, like tbose of objects, are readily 
found from their projection^ by the method of visual rays already 
explained. 

But shadows, being obviously not independent of the bodies cast- 
ing them, require a little separate preliminaiy study, to show how 
they are found when those bodies are given. 

90. The shadow of a body on any surface, is that portion of that 
Bui-^ce from which Ught is excluded by the body. 

A shadow is known when its bounding edge, called the Une of 
shadow^ is known. 

91. Rays of light from a very distant source, as the snn, fall 
upon any terrestrial object inparaUei straight lines. 

92. Any ray which is intercepted by the given body will, evi- 
dently, if produced through the body, pierce the shadow within its 
boundary. Any ray, not intercepted by the body, will evidently 
pierce the supposed surface containing the shadow, beyond the edge 
of the shadow. Hence the line of shadow is the shadow of thai, line 
on the given body^ at all points of which the rays are tangent to the 
body. 

This line of contact of rays, separates the Uhiminated from the 
nnilluminated portion of the given body, and is called the line of 
shade. 

93. Since the line of shadow is thus the shadow of the line of 
shade, the latter must always be found first. 

The line of shade, from which shadows are determined, is found 
in the same general manner as the line of apparent contour, from 
which perspectives are determined ; viz. by inspection on most 
plane sided bodies, and by the aid of tangent rays qf lights or tan« 
g^ut planes of rays of lights on curved sur&ces. 

5 
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94. Practically, shadows are found, a point at a time, and any one 
point in a line of shadow is where a ray of light, from some point in 
the line of shade of a given body, pierces the surface receiving the 
shadow. 

Hence it is obvious that the form of a shadow will depend both 
on the form of the body casting it and that of the surface receiving 
it, and also on the direction of the light ; while the method of find- 
ing it will depend only on the form of the surface receiving it. 

95. Finally : To find a shadow^ we must have given, by their 
projections, lat. The body casting it ; 2nd. The surface receiving it ; 
Brd, The direction of the light. These given, we may then con- 
struct, 1st, The line of shade on the given body ; 2nd. The shadow 
determined by that line of shade. This done, we can at last con- 
struct the perspective of the shadow. 

Problems of perspectives of shadows being thus obviously some- 
what tedious and complex, only a few simple and generaUy usefid 
ones are here inserted, as an introduction to the subject. 

The shadows which most frequently occur in perspective drawings 
such as are made largely for pictorial effect, are the shadows cast 
by lines in various positions, on the ground, and on the walls and 
roofs of buildings. The following principles and examples, therefore, 
give elementary illustrations of the operations necessary in finding 
such shadows. 

96. Let AB, Fig. 35, be a slender vertical rod or wire, and let 
LR represent a ray of light drawn through its upper extremity, B, 

and piercing the horizontal 
plane GH at R. Then R 
will be the shadow of the 
point B. But the point, as 
A, in which a line meets a 
surface, is a point of the sha- 
dow of that line on that sur- 
face. Hence AR is the sha- 
dow of AB on the horizontal 
plane 6H. But BA being 
vertical, AR is also the hori- 
zontal projection of the ray 
BR. Hence, t?ie shadow of 

a vertical line on the horizontal plane is in the direction of the 

horizontal prof ection of the light, 

97. By operating in a precisely similar manner upon a line per- 
pendicular to the vertical plane GY, it will be found that the sha- 
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dow of Buch a line upon the vertical plane, will be in the direction 
of the vertical projection of the rays of light. 

98. Since the rays of light are parallel, it is clear that the shadow 
of a verticcU line an the vertical plane^ willy itselfy be a vertical 
line ; likewise, the shadow of a horizontal line on a horizontal plane, 
will be parallel to the Hue, and, generally, for the same reason, if a 
line be parallel to any plane, its shadow on that plane will be 
parallel to the line itself. Hence, also, the sJiadowa ofparaUel lines 
on the same plane, wiU be parallel to each other. 

99. If the same line casts a shadow on both planes of projection, 
the shadows on the two planes must meet the ground line at the 
same point. Thus in Fig. 30, let AC be a vertical line, long enough 
to cast its shadow partly on each plane of projection. Then R, 
where the shadow AR leaves the horizontal plane GH, must be the 

beginning of the shadow RT on 
the vertical plane. For all the 
rays CT, BR, Ac, from points on 
AC, being parallel, form a plane 
called a plane of rays, of which 
AR and RT are the traces, and it 
has already been shown (78), that 
the two traces of the same plane 
must meet the ground line at the 
same point. 

Finally, in general, if the sha- 
dow of any line, as the top edge of 
a roo^ falls on both of any two intersecting surfaces, as the front 
and side of another building, these two shadows will meet at a 
common point on the edge dividing those surfaces. Hence, when 
we have the complete shadow on one sitch surface, this common 
point gives tis one point of the shadow on the other surface. 

Example 18. — ^To find the Perspective of the Shadow of 
a Square Abacus upon a Square Pillar. 

The method of two planes is here employed, 6L, Fig. 37, being 
the first, and GX' the second position of the ground line. The 
construction of the perspective of the pillar and its cap (abacus) is 
not shown, it being exactly like many previous constructions. 
Also, no more of the vertical projection of the object is made than 
is necessary in finding its perspective, and shadows. 

Rays of light, like other lines, being indicated, in position, by 
their projections, let A^ and A'L' be the projections of the ray 
through the front right hand upper comer, AA', of the abacua 
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This ray pierces the horizontal plane at l^ whose vertical pl^jectfod, 
which mast be in the ground line (45), is L^ Therefore the point 




iis 



Fig. sr. 



itself is at /, which is therefore the shadow of AA' on the horizontal 
plane. 

The shadow of the lower front edge, aA-«'^', of the abacns, 
upon the front of the pillar, will be parallel to itself (98). When 
the direction of a line is known, one point in it is sufficient to 
determine it ; hence, to find this shadow, it is only necessary to 
pass a ray, as cft-c'c?', through any point, as oc\ of the lower front 
edge of the abacus, and to find where this ray pierces the front face 
of the pillar, as at ft,€?'. In this case, by drawing the ray through 
by in plan, the pAint of shadow, byd\ is made to fall on the right 
hand vertical edge, h-b'f^ of the pillar. A line through d\ and 
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panXfel to a'b\ will be the vertical projection of the shadow of aA- 
a^b'. Drawing the visual ray cTE'^ its intersection, D, with DF, the 
perspective of b'f^ will be the perspective of d'; and as the shadow 
is parallel to the perspective plane, its perspective will be parallel 
to itself (69, a), that is a horizontal line through D. 

Next, drawing the ray ah-a*h\ we find AA', the shadow of cm* 
the lower, front, lefl hand corner of the abacas, on the side surface, 
gn^ of the pillar, whose vertical projection is a line through h! equal 
and parallel to V f\ The visual ray, AE-A'E', from AA' gives its 
perspective, e. Then eo is the shadow of a small portion of aA~ 
a'V upon the left side of the pillar. 

Now for the shadow on the horizontal plane. The shadow of the 
point A A' is ^, where the ray A^-A'L' pierces that plane. The ver- 
tical projection of I is L' (45), and the visual ray, ffi-L'E', therefore 
gives M as the perspective of the point TiJ. In the same way, find 
the shadows of the points A,5^ and bb\ and join the latter shadow 
with F. The shadow of A'-AK will be parallel to that line, and 
will begin at h Hence, as will fully appear on making the construc- 
tion, L'E' will also be the vertical projection of the visual ray from 
the shadow of K. Hence ME', up to DF, is the visible portion of 
the perspective of the shadow of A'-AK. 

Example 14. — ^To find the Perspective of the Shadoiv of 
any triangular Pyramid upon the Horizontal Plane. 

In this problem we shall employ the simple principles, that the 
shadow of the point where any number of lines meet is the point 
where the shadows of those lines meet ; and that the point in which 
a line pierces the horizontal plane is a point of its shadow on that 
plane. 

The method by two planes is employed, and the construction of 
the penspective of the pyramid, being the same as in many previous 
problems, is briefly indicated in the diagram, only, Fig. 38. 

Let ABC be the plan of the base of the pyramid, and V, that of 
its vertex. V'-A'B'C is the vertical projection of the pyramid. 
This vertical projection, being shown in full on the original position 
of the vertical, or perspective plane, only its points, A^'B^C and V% 
are shown, in the same relative position, on the translated position 
of the same plane, whose ground Une is G'L'. In fact, after becom- 
ing quite at home in the subject of perspective, the student will see 
that A'B'C'-V might have been omitted altogether ; and, in gene- 
ral, that often only points, and not lines, of the projections of 
objects need be shown, in order to find their perspectives. 

Having, as in previous problems, found v-dbc^ the perspective of 
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the pyramid, draw the ray of light TR-VR' wluub piervcs t 
horixwital plane at II, projected back from R' m the groond lii 




X-i' 



Fig. 36. 
Then R is the shadow of W on the horiiontal plane, and A and 
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C Wing their own shadows — (96 — and the second principle above 

stated — )RA and RC are the shadows of VA and VC. Then, 

drawing the vmuxl ray RE-R'E', we find r for the perspective of 

RR' ; R' being the vertical projection, R', in its second position. 

Hence ra and re are the perspectives of the shadows RA and RC, 

which limit the shadow whose perspective was required. 

Example 15.— To find the Perspective of the Shado^vr of 
a Dormer Windo^vr upon a Roof. 

In this concluding example of shadows, found by primitive 
methods, we will, for further variety, employ the method by three 
planes. Again, this example involves the shadows of lines in three 
different positions, upon a slanting surface, and affords the most 
instructive variety with the fewest lines. Moreover, as the sha- 
dows of lines are determined by the shadows of points in them, and 
as the shadow of a point is the same — and similarly found — whether 
the point be on a straight line or curve, a careful study of this and 
the two preceding examples should enable the student to find the 
projections and perspective of any ordinary shadow. 

First, now, in Fig. 39, to find Xh^ ptqjecti<m% of the windows and 
roof. To avoid unnecessary lines, only a small portion of one slope 
of a roof is shown, of which ABCD is the plan, CDC'D'" is the 
auxiliary elevation, showing the true size of the front of the dor- 
mer, and A'B'CD'-CT)', found as in Ex. 10, is the principal 
elevation. G and F are the plans of the vertical edges of the 
dormer, whose true heights I'G' and J^'F' appear in vertical pro- 
jection at I'G' and J'F'. The veitical projection, E', of the peak 
of the gable, FEG, is found on the projecting line ENE', by laying 
off NE' equal to its height, N'E', above the horizontal plane. 
Then draw E'G' and E'F'. NK' parallel to B'C% is evidently 
the trace on the roof, of a vertical plane through the ridge 
EK-E'K', which therefore meets the roof in this trace at K', 
whose horizontal projection is K. The. points HH' and LL' are 
similarly found, and then joined with KK'. 

Next, to find the projections of the shadows on the roof. Let 
FP and FT' be the projections of a ray of light to which all the 
other rays are parallel. The shadow of the vertical edge, F-F'J', 
will fidl in FS-J'S', the trace on the roof of a vertical plane of rays 
(99) through that edge. 

The ray FP-FT' meets this trace at P', which is then horizon- 
taUy projected at P, and FP-J' P' is the shadow of F-J'F'. Then 
PP' being the shadow of FF' (94), and LL' bemg its own shadow 
(90), LP-L'P' is (geometrically, for this shadow is unreal), the sha- 
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dow of FL-FX'. The shadows of pimiUel lines, on the a 
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being parallel (98), KR-KH' the shadow of EK-E'K', is parallel to 
LP-LT' and is limited at R by the ray ER. R' is then projected 
from R. Finally, by drawing RP-RT', we have the shadow of 
EF-ET'. 

Lastly, to find the perspective of the roof and shadows, whose 
projections have just been completed. Let b'A's be the original, 
and aV the translated position of the perspective plane ; and let 
OO' be the point of sight. This construction scarcely needs any 
explanation, exactly similar ones having been often fully explained 
already. One or two points only are mentioned, to acquaint the 
learner with the abbreviations which are made in the construction 
of the figure. To find e, for example. Draw the ray EO-E'O' and 
from its intersection, n, with the perspective plane, draw nn\ parallel 
to the ground line ; then make n'e=n'A\ and e will be the perspective 
of EE', since this is obviously equivalent to translating n" to n'", 
and revolving it, as in the previous unabridged constructions. 

Having found rf, the perspective of DD', in the same way, also/J 
and ^, the lines dd'^J^ and gi can immediately be drawn perpendi- 
cular to the ground line, since they are the perspectives of vertical 
lines. dfeT is limited at <r, simply by drawing D'O' to w, and ucC^ 
parallel to the ground line, fj and gi are limited by their intersec- 
tion with ah. a is the perspective of the point AA', which is its 
own perspective, it being in the perspective plane, and a'a^A'A. 

The perspectives of the points of shadow are found in the same 
manner. Thus, to find />, draw the ray PO-P'O' to qq\ and the 
line of translation q'p\ and make^'^=A'3', which will give p^ the 
perspective of PP'. Drawing jjp, finding r, the perspective of 
RR', as p was just found, then drawing pr^ apd rky we shall have 
the complete perspective of the shadow on the roo£ 
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DEBIVATIVE METHODS. 



CHAPTER L 

GENERAL PBINCIFLBS AND ILLUSTRATIONS. 

100. In all the problems of Pabt I., we hare found the perspeo* 
tire of every point by one and the same primitive and naJtwroi 
method^ which consists in finding where a visual ray (actuaUy 
represented) through any given point, pierces the perspective plane. 

This method is primitive, and peculiarly the natural one, because 
it manifestly embodies the simplest geometrical definition of the 
perspective of a given point, viz. that it is where a visual ray from 
that point pierces the perspective plane (35). 

It is true, that in the practical application of this method, having 
revolved the perspective plane directly back into the horizontal 
plane, a difficulty arose, as in Figs. 16 and 17, from the confound- 
ing together of the projections and the perspective in one place on 
the paper. This difficulty led,^r«^; to the translation forward of 
the perspective plane, till it could be revolved back into the hori- 
zontal plane so as to bring the perspective below the projections, as 
in Fig. 19; second: to the use of three distinct planes, as in Figs. 
22, etc., where the difficulty of confusion of figures was obviated 
most completely. But these merely particular graphical methods 
of applying the method of visual rays, evidently do not alter the 
method itself, and we repeat, that all the problems of Pabt I. were 
solved by the primitive method of finding ^here visual rays, actu- 
ally represented, through given points, pierced the perspective 
plane. 

101. All problems whatever, in perspective, might be readily 
solved in this simple and beautiful manner ; but by inspection of 
the perspectives thus found, certain peculiarities maybe discovered, 
which, on examination, lead to other methods, hence called deriva* 
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tive ; or, because the visual rays are no longer represented, com- 
paratively, aitificial methods. 

The advantages of knowing several methods, which will soon 
appear, are chiefly two : 1* Abbreviation of the operations of con- 
struction. 2* Provision of checks upon inaccuracy. 

It 'has already been shown by experimental proo^ in previous 
constructions, that any lines, whether vertical or horizontal, which 
are parallel to the perspective plane, have their perspectives parallel 
/ / -^ to each other, and to the lines themselves. Also that the perspec- 
tives of all lines which are perpendicular to the perspective plane, 
meet at the vertical projection of the eye. (Fig. 16.) These two 
results have also already been separately proved to be true, (Ex. 
1. Hems, afi.) but by now considering them in connexion with a few 
others, we shall arrive at a body of principles by which perspec- 
tives of objects can be found by the derivative methods, which it 
is the object of this second " part ** to explain. 

102. In standing on a vast plane, such as a natural plain, its 
remotest visible limit appears as a horizontal line on a level with 
the eye. l^e reason of this is evident from Fig. 40. Let £ be the 
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Fig. 40. 

place of the observer's eye, looking forward in the direction ER, 
parallel to the ground HP. In taking successive points on the 
ground, as a, ^, and P, at greater and greater distances from the ob- 
server, standing at H, the visual rays aE PE, &c., become more 

and more nearly horizontal, and finally, when a ray comes from an 
indefinitely remote point on the ground, its direction cannot be dis- 
tinguished from that of the horizontal visual ray ER. Hence, as the 
apparent position of objects depends on the direction of the visual 
rays entering the eye from them, the very remote limit of any level 
plane appears as a horizontal livie, on a level with the eye. 

103. The indefinitely remote limit of a natural plain, or horizon- 
tal geometrical plane, is called the horizon ; hence a line parallel 
to the ground line, and through the vertical projection of the point 
of sight, is the perspective of the horizon. 
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Sacfa a line is called the horizontal line^ or the horizon of the pic- 
ture. 

104. It follows from this, that the remotest visible limit of o^ i ^ 
lines in such a plane^ that is of aU horizontal linesj will appear to *^ 
be in the " hoi*izontal " line, which represents the remotest limit of 
this plane. 

105. Now the remotest visible limit of the plane supposed, is 
literally its vanishing line^ and, likewise, the remotest visible point 
of any line in that plane, is its vanishing point. The representation, 
of this line, or point, on the perspective plane, is the perspective of " 
such line or point, and is, according to the last two articles, a line 
or point on the perspective plane, and at the height of the eye. 

100. The perspective of a vanishing line or point being of con- 
stant use in the construction of perspectives, while the original 
indefinitely distant real vanishing line, or point, is not, the former 
is, for brevity, itself termed the vanishing line, or point. / 

Hence we have these principles : l"". The vanishing line of any \ ' 
horizontal plane^ is a horizontal line^ dravm on t?ie perspective plane 1 ^ 4-^ 
and at the height of the eye. 2\ Any horizontal line has its ) 
vanishing point in the ^^ horizontals^ line, 

107. Similar reasoning might be applied, and with corresponding 
conclusions, to vertical, or oblique planes, but as we do not find in 
Nature real planes of indefinite extent, everyway, in these positions, 
it will be sufficient to consider the vanishing points of lineSj only, in 
any direction. 

108. The visual ray from the indefinitely distant, or remotest ^ 
visible limit of an unlimited line, will evidently appear to be parallel 
to that line, and the intersection of this ray with the perspective 
plane, is the perspective of that remote or real vanishing point. 
This intersection itself (106) is practically called the vanishing 
pointj in making perspective drawings ; and will be so called in the 
following pages. Also, a visual ray which is parallel to one line, is 
parallel to all others, which are parallel to that one. Hence to find I y 
the vanishing poini, of any line or group of paraUd lines, we have 
the following rule. Find where a visual ray, parallel to the given 
lines, pierces the perspective plane / the point thus found will be the 
required vanishing point. 

109. lUustrcUion. Let PP, Fig. 41, represent the perspective plane, 
and L,L,L, three parallel lines in any direction. These lines will appa- 
rently meet, and so may be considered as meeting, at an indefinitely 
great distance, and the visual ray VE from their distant apparent 
intersection, will, for any short distance, as EV, be sensibly parallel 
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ia them. Bat Y, tlie interaectioa erf" Una ray with the perqiediTe 
plane, 18 the perspectiTe of that interaecti<Hi. That 1% Y is the 
Tanishing pcMnt of L|L|L. 




Fig. 41. 

Ohoore finaDj, that as jnoiYdZel Untn themfdoe* appear to meet 
at their indefinitely remote point, so their penpeMow wHl meet at 
their Tanishing point on the perspecdTe plane, which is the per^ee- 
tire of their rtal Tsmshing pcnnt in apace. Thns, if aY, 6Y, and cY 
are the penpecdyes of L,LJj, they will meet at Y. 

110. In general, if any nnmher of lines meet at any pcmit, thor 
penpedtkin will evidently meet at ika^ penpedvoe ofthaipamJL 

EzAMnx 1.— ]jet it be required to find the -OTniiJiIng 
poiiit of aeveral Telegrapih Wires htUcIi go over a iiilL 

In Fig. 42 let AA' and BB' be two snocessive poles, carrying two 
wires. AB is die plan of both of these wires. Let CO' and DD^ 
be another pair of poles, of a fine of fiing^e wire, and kft ££' be the 
position of the eye. Then EY, paralld to AB or CD, and E'Y', 
paraDid to A^B' or CD', are the projections of the Tisnal ray, paralld 
to these wires, and therefore giving the perqiecti¥e of an 
indefinitely remote point npon them. This ray meets the perspec- 
tive plane at Y' (58), which is therefore the vanislung pcnnt at 
whidi the perqiediTcs of the wires will meet. 

111. From the general case just conaidered, in illiistrstion of the 
general prindple of (108) let na proceed to find the location of the 
vanishing points of g^nps of paralleb, having particular positions 
with resspect to the perspective plane. 

FvnL It follows directly ircMn the mk (108), that off /Mtf9 vshidk 
an paraUd to the per^pecHve pUme have no vamiMhmg pamt, 
Henoe their perspectives will be paralld to themsdves. That iS| 
the perspectives of vertical lines, for example, will be vertical, as 
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seen in (Pig. 16, etc., Pabt I.) Also, if lines are parallel to the 
ground line, their perspectives will be parallel to the ground line, 
as also seen in Fig. 16. 
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Fig. 42. , , , ^ 

Second. It also follows from (108), that idl horizontal lines nave ) ^ 
their vanishing points in the horizontal line, or horizon (103), > ^ ^ v 

112. In particular, among horizontal ]meSy we notice those which T %/ 
are also perpendicular to the perspective plane ; and those which \ y C 
make an angle of 45* with the perspective plane. The foriner are/ 
called perpendictdarSj and the latter, diagonals. "^ 

ExAHFLS 2. — ^To fl^d the vanishing point of a Perpendicu- 
lar, and of a Diagonal 

See Fig. 48, where Do is the ground line, EE' the point of sight, 
and D'A the horizontal line. 

By (48), when a line is perpendicular to the vertical plane, its 
vertical projection is a point, and its horizontal projection, a line, 
perpendicular to the ground line. Therefore ah is the horizontal, 
and a* the vertical projection of a perpendicular, at the height ax/ 
above the horizontal plane. Likewise £« is the horizontal, and E' 
the vertical projection of a visual ray, parallel to ah-a'. This 
visual ray pierces the perspective, or vertical plane at E', which 
is therefore the vanishing point of o^hz' and of all perpendiculars 
(108) while EE' remains as the place of the eye. 
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113. The point E',the vertical projection of the point of sight, is 
usually known among artists as the centre of the picture / since in a 
picture of equal interest throughout, it should be in the centre, of 
the horizontal width, at least, of the canvas. Therefore we say that 
the vanishing poirU of perpendiculars is at tJie centre of the picture. 
E is often called the station point. 

114. To return now to the diagonal. By (51), when a line is 
parallel to the horizontal plane only, its vertical projection is paral- 
lel to the ground line, hence (112), making ac = ad, ahc = acd = 
45°, and he will be the horizontal projection of a diagonal through 
the point 6, a' and a*c' will be its vertical projection. Then ED- 
E'D' is the parallel visual ray which pierces the perspective plane 
(58), at D'. Hence D' is the vanishing point of ho-a'c' and of all 
other diagonals (108). 
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Fig. 43. 

^ 115. Observe in Fig. 43, that E^ = eD = E'D', that is, ihe dis- 
tance from the centre of the picture to the vanishing point of dia- 
gonals is equal to the distance of the eye from the perspective plane. 
Hence, having either E or D' given, with E', we can find the other of 
\ these points. Thus, having E' and D,' make eE = E'D' which gives 
lE; and having E and E' given, make E'D' = E^, which gives D\ 
116. The point in which a line pierces the perspective plane^ is a 
point of its perspective ; for the visual ray from that point pierces 
the perspective plane at its outset. Also, as follows from (109), the 
vanishing point of a line is a point of its perspective. Moreover, 
two points determine a straight line, hence the perspective of a 
straight line is a line joining its vanishing point with the point 
where it pierces the perspective plane. 
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Thus, in Fig. 44, the pei-pendicular ah-a' pierces the perspective 
plane at a* ; and the diagonal, at c' / hence, if we draw a'E', it will 
be the perspective of this perpendicular, and if we draw c'D', it 
will be the perspective of the diagonal, ho-a'c'. 




Fig. 44. 



See also a pictorial illustration in Fig. 41, for lines in any direc- 
tion. There the three parallels meet the perspective plane at a, 5, 
and <5, and V being their vanishing point (109) aV, 6V, and cV are 
their perspectives. 

117. It follows from (110) that if two lines intersect at a point, 
their perepectives will intei*sect at the perspective of that point, 
that is, the intersection of the perspectives of two lines^ is tJie per- 
spective of the intersection of the lines themselves. Hence in Fig. 
44, B, the intersection of the perspectives of the perpendicular ah- 
a! and diagonal hc-a'c\ is the perspective of the point ^, a' from 
which both of these lines originated. 

Particular Derivative Methods. 

118. It is now apparent that, by the principles of (116) and (117) 
the perspective of any point, and hence of any object, can be found 
without the use of any visual rays. 

Derivative methods, then, consist in substituting for the visual 
ray from any given point, a»y two lines containing that point ; and 
in finding their perspectives, by joining their intersections with the 
perspective plane, with their vanishing points (116). The intersec- 
tion of the perspectives of these lines will then be the perspective of 
the given point (117). 

119. Since all parallel lines have the same vanishing point (108), 
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it will obviously abridge the constructions to use auxiliary lines in 
parallel sets. This beiog clear, it forther appears, tliat no auxiliary 
/ lines are so universally ^raple and convenient as didgofuda and jper- 
pendiculars / first: because the centre of the picture, which is 
always given, being the vanishing point of perpendiculars, no 
vanishing point need be constructed for them ; second, because the 
distance D'E' from the centre of the picture to the vanishing point 
of diagonals is equal to the distance, €E, of the eye from the per- 
spective plane. Fig. 43 ; so that if the latter is given, the former is 
immediately known, and if it is not given, E'D' can be assumed at 
pleasure. 

Foremost ther^ore among derivative msthods^ is the method of 
diagonals and perpendiculars^ as explained and illustrated in (112 
X to 117) all of which is based on (110). 

/ 120. The only other derivative method, which need be mentioned, 

/ is one which is applicable to bodies bounded by straight lines, which 

are arranged in parallel groups, as in a square prism. In this case, 

the lines of the object itself may be put in perspective by (116). 

' The intersections of their perspectives will then be the perspectives 

I of the comers of the object. 

Derivative methods, exclusively, are generally used in connection 
with two planes, only, of projection. 

121. We will now close this chapter with three fundamental illus- 
trative examples, showing, ^r«^, how to find the perspective of any 
\line whatever by its vanishing point and point of intersection with 
/the perspective plane ; second, how to find the perspective of any 
object by the method of diagonals and perpendiculars ; and, third, 
ow to find the perspective of a plane sided object by finding tho 
Vanishing and intersection points of its own edges. 

Example 3. — ^To find the Perspective of a Straight Line 
in any position, oblique to both planes of projection, by- 
its vanishing point and intersection Tvith the perspective 
plane. 

Figs. 45 and 46. To familiarize the student more fuUy with this 
problem, and so to render the conception of positions in space, cor- 
responding to given projections, more easy, two different lines have 
been taken in the above figures, while for more ready comparison, 
like points are lettered with the same letters in both figures. 
Accordingly, ab-xi'b\ in both cases, is a line behind the perspective 
plane, as usual. Its extremity aa' is at the distance ae behind the 
perspective plane, and height, a'c above the horizontal plane, b, 
l>eing in the ground line, is the horizontal projection of that point 
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of the given line, wbioh is in the vertical plane, that is, the point 
b\ That is izb-^'b^ pieroes the vertical, or perspective plane at b\ 
which is therrfore one point of the perspective of this line (116). 




Pig. 46. 




Fig. 46. 

Again: Et^-E't;\ parallel to ab-^'b^ is the parallel visual ray 
from the infinitely distant point of (tb^-a'b' (108). Hence v\ where 
this ray pierces the perspective plane, is the perspective of that infi- 
nitely remote point. That is, v' is the vanishing point (106) of ofr- 
a'b'. Hence by (116) v'b' is the perspective of ab-a'b\ 

Jiemarks. a.— As v' is the perspective of an infinitely distant 
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point on aifh-a*b\ v*V is the perspective oiab-a'V produced to an 
infinite length, from l>b\ back from the perspective plane. 

h. As a further exercise, let the student take lines in other 
positions. Thus in Fig. 45 let the ^ven line have such a position 
that a'b' shall be its horizontal, and ab its vertical projection, and 
then find its perspective, as before. 

Example 4. — ^To oonstmot the Perspective of a ToiTV-er 
and Spire, by diagonals and perpendiculars. 








^A4^ 



■^— f 



ir=r=t 



Fig. 47. 



^T 







Rg. 47, let PBE be the plan of the tower, and FQN of the spire 
whose vertex is A. Let LL be the ground lino, taken through the 
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corner B, which indicates the real position of the perspective plane. 
L'L' indicates the position of the perspective plane after translation 
forward. CD is the horizon, and C the centre of the picture. The 
vanishing point of diagonals is assumed on CD, at the left of C, and, 
in this case, beyond the limits of the picture. 

[This preliminary explanation is substantially common to most of 
the following problems, and is therefore to be understood though 
not repeated.] 

Since the vertical edge at B is in the perspective plane, it is its 
own perspective, hence its vertical projection, B'C, which shows 
the true height of the tower, is also its perspective. To find the 
perspective of either of the other visible vertical edges, as the one 
at E, draw the diagonal E5 from the comer, E, of the base of the 
tower. IS/V is the vertical projection of this diagonal, since it is in 
the horizontal plane ; it pierces the perspective plane at h\ and h'D 
(D meaning the vanishing point of diagonals, not shown) is its 
perspective. Em, the perpendicular from the same point £, pierces 
the perspective plane at E', and E'C is its perspective. Hence 6, 
the intersection of J'D and E'C, is the perspective of E, considered 
as in the lower base of the tower, p is found from P in a precisely 
similar manner. Then draw pW and We. 

To find any point, as A, of the top of the tower. Ed, considered 
as the diagonal ffom the point £ in the top of the tower, pierces the 
perspective plane at the true height of the tower, that is at c', in 
the horizontal line through C, since diagonals are always horizontal 
lines (112). Then c'D is the perspective of this diagonal. The 
perspective of the perpendicular from the upper point, E, is not 
needed, since the perspective of the vertical edge at E is known to 
be a vertical line through e. Hence A, the intersection of eA, drawn 
perpendicular to the ground line, with c'D, is the perspective of 
the top corner of the tower at E. q is found in the same manner. 
Then draw gC' and C'A. 

To find any point, as/J in the perspective of the base of the spire. 
/ is the perapective of F, and the plane of the base of the spire is 
the same as that of the top of the tower; hence the diagonal, F^ 
and the perpendicular, F^, pierce the perspective plane in the hori- 
zontal line through C, at <f and F', respectively. Then <?T> is the 
perspective of F<^, and F'C, that of Yg ; and/, the intersection of 
these perspectives, is the perspective of F. The top of the tower 
being above CD, the level of the eye, the base of the spire is invi- 
able. The perspectives of Q and N are found in the manner just 
described. 
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Finally, the height of A'm' above the ground linfe, represents the 
height of the top of the spire. Then the diagonal, Am, and per- 
pendicular, Aw, pierce the perspective plane at m' and A'. m'D is 
the perspective of Am, and A'C, that of An. Hence a is the per- 
spective of A. Now join a with f, and the other points of the base 
of the spire, limiting the lines thus drawn by gO' and C'A, and the 
required perspective will be complete. 

122. Various miscellaneous points, which naturally arise in the 
mind of a beginner, are most conveniently disposed of here, after 
the progress thus far made with primitive and derivative methods. 
They are therefore discussed in the following — 

Hemurks, — a. The statements in (101) can now be made more 
intelligible. First Derivative methods abridge the labor of con- 
struetion: first: — through the partial omission of the projections^ 
as seen in the above example, where the vertical projection was not 
required, because the auxiliary lineSy being horizontal^ will always 
pierce the perspective plane at the height of the points from which 
they are drawn, and these heights can always be indicated by set- 
ting them off, as J'c' was, equal to B'C, the real known height of 
the top of the tower ; second i—by the provision of common van- 
ishing points for all parallel lines, so that, 1*, — only one other 
point in each indefinite line, need be found ; and 2% — so that any 
particular point, as A, on such a line, can be found by a single auxi- 
liary, as c'D. 

Second. Derivative methods also conduce to accuracy ; first : — 
by providing against errors arising from very acute intersections 
in the lines of construction. See Paet I., Fig. 19, where, though 
the intersection at A is well defined, that at F, and especially at the 
perspectives of c*' and d'^ (not shown) are not. Whenever, there- 
fore, another method fails to give well-defined intersections, that of 
diagonals and perpendiculars will be generally found available. 
Second: hy the provision against distortion of apparent propor- 
tions^ which is afforded by vanishing points. It is a matter of 
familiar experience, that all receding parallels in the same group 
appear to vanish at the same point, and in a drawing, where 
vanishing points are employed, their perspectives will likewise 
vanish. But if no vanishing points are used, so that the perspec- 
tive of each line of a parallel set is found ind^ndenfly of tJie 
others^ by finding two points in it, it may happen that these per- 
spectives, if produced^ ^vill not meet at one point. Errora in the 
true relative direction of perspectives are far more offensive to the 
eye than the less obvious errora in the absolute place of single points. 
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b. The di$ase of vertical projecticHis wMoh the method o 
nals and perpendiculars allows, is another advantage of that| 
over those in which the auxiliary lines might not be horizoL. — 

c. The question natm*ally occurs to a practical inquirer, '^how 
shall I represent an object of given dimensions j v'iewed from a 
given distance, and in a given direciion.^^ See Fig. 47. If in 
practice the distances from P and E to the observer be measured, 
the exact relative position of the tower and the observer will be 
known, and so can be laid down on paper. This done, we can, 
from a given position, look straight forward towards the centre of 
an object, as shown by the line CA in the figure, or we can turn 
and look towards the right or left of the centre so as to see the 
object partially by a sidewise glance of the eye. 

The clearest view is obtained in the former case, but in any case 
the perspective plane is supposed to be perpendicular to the direo* 
tion of vision. Thus, if the sped^ator at E, Fig. 48, observe O, 

among other things, while looking in the 
direction E6, the perspective plane PQ 
should be perpendicular to E^/ simply 
because this is its simplest and most natu« 
ral position. 

This being understood, make eD = eE, 

to find the vanishing point of diagonals 

(115) or, in Fig. 47, lay off from n, on 

AnC produced, a distance equal to CD, to 

find the position of the observer, or horizontal projection of the 

point of sight, often called the st€itionpoint(lld), 

d. But, further, in representing large objects truly, all these 
dimensions and distances, just spoken of^ must be reduced uniformly, 
so as to be shown at all, and in true proportion, on paper. In 
other words they must be drawn to a scale. 

For example, let it be supposed that in Fig. 47, all given parts 
are to be shown on a uniform scale of five feet to an inch, i.e. five 
feet on the real object, to one inch on the drawing. On any 
straight line as XY, lay off two or more inches, and divide each 
inch, as shown, into five equal parts. Each of these parts will 
therefore represent one foot, and hence, in connexion with the 
drawing, niay be called one foot. Let the left hand one of these 
feet be subdivided into twelfths (fourths only are shown) which 
will be inches. Any other scale is made in a similar manner. 
Having such a scale, its zero point is at the right hand end of the 
divided foot. If then, the tower is 5 ft. 9 ins. square, as at BP and 
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BE, extend the dividers from the point marked five to the 3 inch 

/ , point between 6 and 12, which will be five feet nine inches, on a 

''scale of five feet to one inch. So, if the object be 11 ft. ins. high, 

make the line K'm! at this perpendicular distance from the ground 

Hne L'L'. 

It thus appears that in using any scale, thus constructed and 
numbered, no calculations need be made, since we take up in the 
dividers the same number of %eale feet and inches, that there are 
of real feet and inches in any given line to be represented. The 
question of B^m, c is thus fully answered. 

6. It is a familiar fact that the apparent size of an object 
decreases with its increased distance fioni the eye, but the term 
apparent size is really a little ambiguous, on account of the interfer- 
ence of knowledge with sense impressions. Thus, when I see a 
whole house through one window pane, I perceive that the appa- 
rent size of the house is less than that of the pane, and it is so 
because the image of the house on the retina of the eye, which is 
what determines its recti apparetit size to simple senee^ is less than 
that of the pane« But I ^novo that the bouse is much larger than 
many panes, and this knowledge is so far controlling, that the sight 
of the house affords a mental impression of an object much larger 
than the pane, though the merely sense impression is, that it is 
smaller. 

In relation to the distinction here explained, a completely natural 
artist is one, who sees things, only, and just as his sense of sight 
sees, without any interference from thought or knowledge of real 
relative sizes ; and who draws objects just as his eye sees them. 

Such a one will spontaneously conform to the principles of per- 
spective, which, in relation to him, will only be the natural history 
of his natural performances. In proportion, however, as knowledge 
of the real sizes of objects warps the judgment, as to their real 
appar&rU size to the eye alone, does a scientific knowledge and 
practice of perspective become necessary as a guard against errors 
in drawing. 

/. According to (14-16) and all the preceding constructions, a 
perspective drawing should be viewed from the precise point from 
which the object represented is supposed to be viewed. Thus, Fig. 
47 should be viewed by the eye placed in a perpendicular to the 
paper al E, and five inches ( — CD) from that point. The per 
spective will then make identically the same image on the retina 
that would be made by the original object in its full size, and 25 ft. 
(the distance by scale) from n, on the perpendicular Af?C. 
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In a picture, properly so called, where the sensible effect is 
greatly assisted by shade and color, if it be viewed through a tube, 
BO as to exclude the surrounding objects which warp the judgment 
when compared with the small size of the picture, the illusion may 
be made complete, by abandoning the mind to the picture exclu 
sively, and we reoMy seem to look up through extended valleys, 
winding among great hills, and overhung by a real far distant sky. 

g. The principal exception to this rule for the position of the eye, 
18 in viewing decorative wall paintings of interiors, which may be 
painted as if seen from a great distance, or otherwise modified so as 
not to be offensively distorted to beholders in any ordinary position 
within the building. 

A. In connexion with oblique vision of an object, as mentioned 
in (c), the question occurs, " to what extent is such vision admissi- 
ble.'' In other words, what is the practical limit of the visual angle. 
We can examine objects with the greatest minuteness only a point 
at a time or in the line of but a single visual ray at a time. On the 
other hand, we can be conscious of the existence of objects within 
a range of 180', either vertically or horizontally. "Where, now, 
between these limits, is the greatest visual angle which will allow 
of a clear and pleasing general effect ? It is usually supposed to 
vary from 45* to 60*. 

Accordingly, in Fig. 47, by laying off five inches, = CD, in front 
of 71, to obt^n the station point (113) (115), and from this point 
drawing liaes to P and E, it will appear that a small visual angle is 
formed. Hence when Fig, 47 is viewed, as directed in (/), it will 
be very clearly seen. 

t. This clear view is also due to looking directly, in the line CA, 
at the centre of the object. Thus Fig. 47 is much more satisfactory 
than Figs. 16 and 17, Pabt I., where the eye is placed considerably 
to one side of the given object, partly to avoid the confounding of 
plans and perspectives, and partly to avoid the very acute intersec- 
tions of lines of constiiiction that would have occurred had the 
point ££' been placed directly in front of the objects. 

The last consideration points to another disadvantage of the 
method of visual rays, especially as employed in connection with 
two planes only. 

ExAHPLX 5.— To find the Perspeotive of a Cross and 
PedestaL 

This problem is chosen as one embracing numerous lines arranged 
in parallel sets, 

la Fig. 49, let ABD be the plan of the pedestal, EFO, ot 
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the horizontal arm of the orOBs, and filE, that of its vertical 



arm. 



LL is the ground Une which indicates the first, and L'L' the one 
which indicates the second position of the perspective plane. V V 
is the level of the eye, and therefore by (105) contiuns the vanishing 
points of all the horizontal lines of the object. S is the station 
point (113) taken in a perpendicular to the perspective plane 
through the centre of the object (122o). 
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Then, drawing SL, parallel to A6, and LY perpendicular to LL, 
we find Y, the vanishing point of all lines in the direction of AB. 
In a similar manner Y' is found. Other points in the indefinite 
perspectives of the horizontal lines, are where those lines pierce the 
perspective plane. 

Accordingly, as shown by the figure, and (122a) and assuming 
ca as the height of the pedestal, MB, produced, meets the perspec- 
tive plane at m', where m'm" = ac ; and BA meets the perspective 
plane at a. Then m!N* is the indefinite perspective of BM, and 
(N^ that of AB. Hence 5, their intersection, is the perspective of 
B. From 5, draw he^ perpendicular to the ground line and limited 
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by cYj and one face of the pedestal will be represented. The con- 
Btmction of its other visible surfaces is similar to the foregoing, as 
is seen in the figure. 

To find the foot of the vertical arm. "Kp and Kg pierce the per- 
spective plane at jt>' and q% at heights equal to ac. p'Y' and q'Y 
are their perspectives, which intersect at the perspective of K in 
the foot of this arm. Other like points are similarly found. .On 
either of the same perpendiculars through p and q^ set off the height, 
as at r, of the whole cross and pedestal, then rV, the perspective of 
pK in the level of the head of the arm, will meet the right hand 
edi^e at ^, the perspective of the top point, K. 

To find points in the perspective of the short arm EG. Produce 
its horizontal edges to the ground line, as at ^ and n. Set off, as 
before, the heights of these points, as at q' and W in the plane of the 
top of this arm. Then g^ for example, the intersection of q'Y and 
n'V, will be the perspective of G. Other points may be similarly 
found: 

Re77iarks. — a. It is evident from this problem that the method 
by horizontal lines of the object, when such exist, is as convenient 
in respect to avoiding the necessity of Ml vertical projections, as is 
the method of diagonals and perpendiculars. 

ft. The intersection at ft, for example, is very acute, but would 
have been less so had a perpendicular, through B, been used, 
together with aY, Thus, by an adaptation of auxiliary lines to the 
oonditions of each point, we can obtain the perspective of each by a 
well defined intersection. 

c. The passing of SL through e, and of SY through d, are merely 
accidental coincidences, which are always liable to occur, but which 
never need perplex the draftsman if he will retain a clear view of 
first principles^ and keep in mind what each line of the figure really 
means. 
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123. Retoniiiig to fig. 35, Pakt L, wliav BR lepreeeots a ray of 
light and AR, its horixontal projectioii (96), it is erident tliat R, the 
shadow of B on the horucmtal jAatae^ is the intenectioD of the ray 
through B, with its horiaontal projection. 

It follows, now, that the penpecHve of R will be the intersection 
of the perspeetice of the raj with the perspeeHve of its horisontal 
projection (11 1). 

1£, then, we can find these latter lines, we can find the penpecHve 
of the shadow directly, or without finding its projections. 

124. Bat rajs of light, proceeding, as nsually snpposed, from tiie 
son, are parallel ; hence their vanishing point, like that of otiier 
parallels, is found bj determining where a parallel raj of light 
through the point of aght pierces the per^>ectiTe plane (108). Also, 
rajs being parallel, their projections on either plane wOl be parallel 
(53). Their vertical projections, being lines in the perspective 
plane, will be their own perspectives ; and thdr horizontal projec- 
tions, being horizontal lines, will have a vanishing point in the hori- 
zon (105). Hence the perspectives of rajs, and of their horizontal 
projections, can be found ; and therefore perspectives ofehadonoe on 
the horizontal plane^ can be found directly, or without previous! j 
finding the projections of those shadows, as in PabtI. 

The principle just established, combined with other general ele- 
mentary principles alreadj emplojed, will also, as wOl soon appear, 
enable us to find, directlj, all ordinarj shadows. 

We proceed next to illustrate the principles just explained, in 
some elementarj constructions. 

Example 6.— To find the vanishing point of given RaySi 
and of their Horizontal Prqjections. 

Let R and R', Fig. 60, be the two projections of a raj of Ught, 
which lies in front of the perspective plane, GL being the ground 
line. Also, let EE' be the point of sight. Then E^ parallel to R, 
and E'V, parallel to R', are the projections of a visual raj parallel 
to the raj/s of light. This visual raj meets the perspective plane in 
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the point whose horizoutal projection is A^ and whose vertical pro- 
jection, or the point itself, is V (58). Hence V is the vcmUhing 
point ofaUray$ ofligTU parallel to R-R'. 

Again, remembering that the 
vertical projection of a bori- 

'. 4^.- zontal line, oblique to the ver- 

j tical plane, is a line parallel to 

\ ij^ the ground line (51) EA, again, 

15 I \/i ^ parallel to R, and E'H, paral- 

/\i lel to GL, are the projections 

// ^ of a visual ray, parallel to the 

horizontal projections of the 
rays of light This visual ray 
*• pierces the vertical or perspec- 

FiG. 50. tive plane at H, which is there- 

fore the vanishing point of 
horizontal projections ofrnys^ and is in the horizon E'H. 

126. Having completed Fig. 60, observe that H and V, are, by 
construction, necessarily in the sam0 perpendicular to the ground 
line. This follows from the fact that a ray, and its horizontal pro- 
jection, are in the same vertical plane (81), and therefore the visual 
rays, as EA^-E'V, and EAr-E'H, parallel to them, are in a vertical 
plane ; while the vertical trace of such a plane, in which these visual 
rays pierce the vertical plane of projection, is a line perpendicular 
to the ground line (79). 

126. In general, if aray, or any other line, be contained in a cer- 
tain plane, it must pierce any surface in the intersection of the plane 
with that surface ; that is, in the trace of the plane upon that sur- 
&ce. 

127. When a particular direction of the light. t« given^ as at 
"Rr-B/^ H and Y mtMt be constructed by (Ex. 6), but if, as is usual in 
general problems, its direction is not given, H and Y may be 
assumed, agreeably to (125). 

Example 7. — ^To find the Perspective of the Shadoi^ of 
any Vertical Une ui>on the Horizontal Plane. 

Let B'L, Fig...51, be the ground line ; which, in figures of so few 
lines as Figs. 60 and 51, and similar ones, need not be translated. 
Let A be the horizontal, and A'B' the vertical projection of the 
given vertical line. Its perspective, ab, is found by visual rays, as 
A£ — ^A'E', as explained in Pabt I., EE' being the point of sight. 

Then, by (126) assume Y and H, as the vanishing points of vays 
and horizontal projections of rays, respectively. • Then dV is the 
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perspeetiTe of the ray of light through the point whose pergpeo- 
tiye is Hj that is through A A', and ftH is the perspectdye of the 




Fig. 61, 



horizontal projection of the same ray. Hence by (123) K is the 
perspective of the shadow of a upon the horizontal plane ; and bR 
is the perspective shadow of ab on the same plane. 

Remarks, — a. Remembering that when the rays are parallel, as 
here supposed, they, and their horizontal projections, will, each, 
have a common vanishing point, it is evident, that if the shadows 
of a number of vertical lines, like a5, be found on the same hori- 
zontal plane, they will all converge to the point H. The student 
should make this construction. 

h. When the vanishing point Y is below the horizon, and the 
light proceeds as indicated by the arrow in Fig. 51, it shows that 
the light proceeds from above and belund the left shoulder. If V 
were above H, it would indicate that the light proceeded from 
above and in front of the right shoulder ; and the shadows would 
fall towards the observer and to the left, as will readily appear on 
making the construction. 

e. If the source of light were a near point, as a candle, the per- 
spective of this point and of its horizontal projection must be 
found. Lines from the former to points in the perspective object 
will be the perspectives of rays ; and lines from the latter point 
to the perspectives of horizontal projections of the same points of 
the object, will be ihe perspectives of horizontal projections of rays. 
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Rays from snch a luminoas point diverge in every direction, 
lienoe if in Fig. 51, we suppose AA' to be the luminous point, a is 
its perspective ; and, not aV only, but any line from a will be the 
perspective of somd ray. 

The completion of the construction thus far explained, is left as 
an exercise lor the student. 
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12B. The fullowing problems are added, not to illustrate an; new 
principles, but to familiarize the student more ^ally with the appli- 
cation of those already explained, to practical problems. 

Premiung that the draving of exterior and interior views of 
buildings, with their accompaniments; arcades, pavements, and 
furniture, is perhaps the chief exact application of perspective, this 
chapter is oocupied with examples of this character, the execution 
of which will enable the drafl«man to proceed with the perspective 
drawing of Avenues, Bridges, Machines, eto., and with the correct 
additions of features of natural scenery to the geometrical portions 
of his drawings. 

ExAUPLB 8.— To find the Perepeotlve of a Pavement of 
Squares, whose sldea are parallel to the ground line. 

Let 6B, Fig. 62, be the gronnd line, DO the horizontal line, or 
horison, and AGK a group of twelve squares, lying in the horizon- 
tal plane, and with one side, GK, taken as the gronnd line. 
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Operating by the method of diagonals and perpendicolars, let C be 
the centre of the picture (113) and D the vanishing point of diago- 
nals. C is the vanishing point of perpendiculars (112) and these 
perpendiculars, ss LK, AH, etc., pierce the perspective plane at K, 
II, etc., hence (110) KC, HO, etc., are their perspectives. AB is 
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the diAgonal from A and BD is itn penpectiye. Therefore a is the 
pen^cdve of A. Likewise e is the perspectiye of E, taoAf, of F. 
Drawing parallels to 6K, through a» «, and/, (111) they will int^v 
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teet the perspeotiyes of the perpendicidars, so as to complete the 
required perspectiye GmlK. 
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Example 9.— To find the Perspeotlve of a Pavement of 
Hexagons, i^hose sides make angles of 30"" and 80^ vtrith 
the ground line. 

Let HE be the ground line, Fig. 63. Construct an equilateral 
triangle, as ABD, with one of its sides perpendicular to the ground 
line. Divide either of its sides, as AB, into any convenient num- 
ber of equal parts. Through each of the points of division, as Q, 
draw indefinite lines, as QN and QP, parallel to the remaining 
sides, DB and I)A, of the triangle. 

Portions of these lines, together with perpendiculai*s, as OP, 
joining the proper intersections, which will be obvious on inspection, 
will form a group of regular hexagons. These may be limited at 
pleasure, as by the rectangle HEFG. 

Now let LL be the ground line, after tran^^lation, CV the hori- 
zontal line, C the 'centre of the picture, and S the station point, 
taken in this, case, for variety, at one side of the ijiiddle of the 
figure. 

The sides of the hexagons, forming parallel groups, are. taken 
as lines of construction. Their vanishing points — ^beyond the limits 
of the figure — are found by drawing lines at S (partly shown) 
parallel to HK and IG, till they meet HE. From the latter pointn^ 
perpendiculars to CV produced, will meet CV in the vanishing 
points of HK and IG and of all lines parallel to them. The re- 
maining lines of the hexagons are perpendiculars, and C is their 
vanishing point. 

Observing that the plans and perspectives of the same points 
have the same letters, the remainder of the construction needs no 
further explanation. 

Remark, K, in Ex. 8, the squares had been placed with their 
sides making angles of 45° with the ground line, those sides would 
all have been diagonals, instead of parallels and perpendiculars. 

In the last example, if AB had been taken in the ground line, 
the sides of the hexagons would have made angles of 60^ with 
the ground line, except those which would have been parallel to it. 
Hence, SR remaining the same, the vanishing points of the inclin- 
ed sides would have been nearer to C. The student should re- 
construct these examples under these new conditions. 

Example 10. — ^To find the Perspective of an Interior. 

Prdiminm'y explanation. According to (122A) a person stand- 
ing against one wall of a room, can be conscious of the entire in- 
terior, though the whole cannot be distinctly recognized. If, then, 
Fig. 54, a person stand at E, seeing clearly everything within 'the 
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visual angle AEB, only the portion of the room be- 
yond AB can be repi*esented in a picture. Hence, 
if a larger portion, or the whole of the interior ie 
to be represented, the near wall A'B*' must be sup- 
posed to be removed, so that E', or E', may be the 
position of the observer, from which all beyond A'B', 
or A'B", will be visible. 

Co?i8tru€tion of -Fig, 66. In this example, let 

the near wall be removed, and let the whole interior 

Fig. 64. be seen under a visual angle of 45°. ABGL is 

the plan of the room, with an elliptically arched 

passage, of the width EF, opening out of it on the right, and with 

a door, HK, in the left wall. 

Let the observer stand opposite the point X, at one third the 
width of the room from G. We have then to construct S, the ver- 
tex of an angle of 45°, whose base is GL, and placed opposite to 
X. Draw GT and LT, each making an angle of 45 *> with GL. 
Draw, at X, a perpendicular to GL, and with T as a centre and 
TG as a radius, describe a small arc, intersecting this perpendicular 
at S, which will be the station point as required. 

Now let G'L' be the ground line, indicating the second position of 
the perspective plane, and let CD be the horizontal line. This 
line must, if the observer is supposed to stand on the floor, be 
shout Jive feet above G'L', on the same scale on which the plan, 
AG, is drawn. Note that C is in the perpendicular XS, produced 
to meet CD. 

Observing, now, that a diagonal from A will meet LG at a dis- 
tance to the left of L, equal to LA, and so for other points, the 
diagonals themselves need not be drawn. Thus, make CD^SX 
(115) and D will be a vanishing point of diagonals. Then make 
L'A'^JJA and A'D will be the perspective of the diagonal from 
A. The perspective of the perpendicular LA is L'C, hence a is the 
perspective of the right hand back corner. A, of the floor. Draw 
ab^ parallel to L'G', till it meets G'C, the perspective of GB^ and 
L'G' ab will be the perspective of the floor. 

The front wall of the room, GL, being taken as the perspective 
plane, the intersection of the room with that plane will be its own 
perspective, in full size and real form. Hence make L'L" and G'G" 
equal to the height of the walls ; and, supposing the ceiling to be 
semicircular, describe a semicircle on L"G" as a diameter. 

As an example of a simple cornice, in perspective, make the 
small rectangles at L" and G", as sections of it in the perspective 
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plane. Then draw its edges towards G, limiting it by a horizontal 
and vertical line M'here its lower back edge; on each wall, meets 
the vertical lines from a and b. 

QC is the perspective of a perpendicular through the centre of 
the floor. Hence qs is the perspective of the centre line of the fur- 
ther wall. Where qs meets a'«, a' being the intersection of aa' 
and L"C, is the centre of the semicircular boundary of the further 
end of the ceiling ; which is a semicircle in perspective, because it 
is parallel to the perspective plane. If there be a round topped 
window in the centre of the further wall, lay off its half width, 
QRssQI, each side of the middle point Q, draw RC and IC, and per- 
pendiculars to (zb as at ;*. Then make L't? equal to the height of 
the base above the floor, draw vC, and v'r' paralled to aby and 
the semicircular top, with as a centre, to have it concentric with the 
ceiling. This will complete the outline of the window. 

To draw the opening HK (which is very wide in order to show 
the construction more plainly). Draw HS and KS, horizontal pro- 
jections of visual rays, or horizontal traces of vertical vistuzlplaneSy 
through the sides of the opening. Then the intersections of these 
planes with the perspective plane, at hw and ky drawn from H' and 
K', will be the perspectives of the vertical doorway lines at H and 
BL Make G'W equal to the height of the door, and WC will 
limit the inside of the top of the door. Next draw the edges in 
the thickness of the doorway as H, parallel to G'L', the vertical 
line Uy and from t the line towards C, which completes the doorway. 

To draw the archway EF. Make L'E'— LE, and LT'— LF. 
Draw E'D and F'D, which will give e and^, the perspectives of E 
and F. Make L'O' equal to the height of the vertical portion of 
the archway, and limit the vertical lines at e and /, by 0"C. To 
find the perspective of the highest point, draw the semi-ellipse, 
FPE, representing the elliptical top of the arch as revolved round 
EF, till parallel to the horizontal plane. Lines, as OP, in this 
semi-ellipse, are called ordinates. Take the longest ordinate, OP, 
set it off at 0"P" and draw P"C. Make L'O'— LO, draw O'D, 
and qp^ then p will be the perspective of O, that is of P. Any 
point in the ellipse may be similarly found. Thus, take MN any 
where, and parallel to OP. Make 0"N'— MN, and draw N'C. 
Also make L'M'—LM, draw M'D and mny then n, the intersection 
of mn with N'C, will be the perspective of N. After finding one 
or two more points in like manner, the perspective ellipse, fpinj^ 
can be sketched. The horizontal line at f will then complete the 
archway, and the whole figure. 



102 UXEAB PICBfS'SCITVS. 

ExAUFLB 11.— To find the Parspeotives of the Shadows 
In an Interior. 

In order not to confuse figure S5, the constructions of the re- 
quired shadows are made on the foUowiug enlarged copies of 
detached portions. 

First ; to find the sfaadow of the edges of the doorway, Fig. 56, 
Supposing no particular direction of the light to be given, aSBume 
H as the vanishiug point of horizontal projections of rays, and R, 
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as the vanishing point of rays. It is readily- apparent on considera- 
tion, that ka, te and cd are those edges of the doorway, parts of 
which, at least, will cast shadows. AH is the perspective of the 
horizontal projection of all rays through the vertical edge ka. That 
is, it is the horizontal trace of a vertical plane of rays (9S) through 
Jta. It is therefore the shadow of ka on the flour, as &r as m, 
where it meets the further wall ABD. Thence, this plane being 
vertjcal, its trace, and shadow oikaoa ABD, is vertical, as seen at 

To find E, consider that (t will partly cast a shadow on the 
Buriace atk. This surface being parallel to the perspective plan<!, 
and ct perpendicular to it, the shadow of e$ od cUk will be itarallel 
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to tfae vertical projection, CK, of a ray of light (97), and will begin 
8t t, where ct meets atk. Hence fe, parallel to CR (111) is the 
shadow of ct on atk. Therefore e is the highest poiDt of ka that 
can east a shadow. Hence draw the vay eR, and E, its intersectioa 
with wiE, will be the limit of the shadow of ka. The remiunder 
of the construction is now evident from the fignre. 

Since light streams through the doorway, the area within the 
shadow of its edges is light, as indicated by the partial shade lines 
of the fignre. 

Second. To find the shadow in the archway, Fig. 67. This 
shadow is in fonr parts ; first, the shadow of the edge «' upon the 
floor ; second, that of the same edge on the wall Gff ; third, that 
of the cnrve e'pf on the same wall ; and fourth, that of the same 
curve npon the cylindrinal surface of the archway, above the hori- 
zontal plane through e' and/". 

Let H be the vanishing point of horizontal projections of rays, 
and R, the vanishing point of rays. Then eH is the perspective of 
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the horizontal trace of a vertical plane of rays through «', and «Q 
is the shadow of this edge on the floor. By drawing the ray RG, 
and producing it to g, we learn that eg is the precise portion of «" 
which casts a shadow on the floor. From G, the shadow of ge' is 
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the vertical Ime 6E, limited at E by the ray 6'K. Above E, the 
shadow is cast by the arch curve, and is found as follows. Assume 
any point, q\ and draw the vertical line q'q^ which is the trace of a 
vertical plane of rays through q\ upon the side of the room. Then 
qH. is the perspective of the trace of this plane upon the floor, and 
the vertical line from the intersection of qJI with fG^ is its trace on 
the wall of the arch. This plane contains the ray g^'R, which meets 
the vertical line, just named, at Q, which is therefore the shadow of 
q\ D, the shadow of d' is found in like manner. T, the point of con- 
tact of the ray TR, with the arch curve/'joe', is the upper end of the 
shadow, which may be sketched by joining the points already found. 

In this figure, the shadow on the cylindrical surface of the arch 
is so small, that no points in it have been found, except T. The 
most elemeif^ry method of finding points of this shadow, is the 
following indirect one, which is so fully indicated that the student 
will probably find no difficulty in applying it for himself. Assume 
any point as h quite near to f^ on L'o, and draw through it lines 
parallel to /G and jg^', which will represent a plane parallel to the 
wall Off'. This plane will cut a line from the arch, parallel to fG^ 
and beginning where the vertical line from h meets the arch curve. 
Next find a few points of shadow on this plane, just as DQE was 
found. Then the intersection of this auxiliary shadow with the 
horizontal line cut from the arch, will be a point of shadow on the 
arch (99) and by drawing a ray from R through this point, we can 
find the precise point on fpe' which casts this point of shadow. 

Example 12.— To find the Perspective of a Cabin. 

In this example, a variety of methods will be employed, by way 
of review ; also some special operations, suited to the construction 
of particular points. 

Let ABD, Fig. 68, be the plan of the cabin walls, EF of its roof 
ridge, and H"HI of its chimney. Let the perspective plane be 
taken at GK, through the corner A, and let G'K' be its ground 
line after translation and revolution into the plane of the paper. 
Let W be the horizon, C the centre of the picture, and S the 
station point. The perpendicular to the ground line, and contain- 
ing S and C passes through ♦, the centre of the plan (122 t). 

The edge at A, being in the perspective plane, is its own perspeo- 
tive, and appears in its real height at aa[. The visual ray BS — 
L'C pierces the perspective plane at ft, the perspective of the lower 
corner at B. Make L"B''-=«aa', then BS — ^B"C is the visual ray 
from the upper comer at B, and ft' is the perspective of that corner. 
Draw oft and a'ft'. 
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The yanishing point of all lines paraHel to AB, can now be fonnd 
in dther of two ways. In the osaal way, it wonld be found by 
drawing throngh S a line parallel to A6, till it meets 6K, whence 
drop a perpendicalar to VV' (108). Or, prodoce oft and aV till they 
meet Y V, in the same vanishing point ; which, being ont of the 
paper, is indicated by V". 

Likewise find V, the vanishing point of all lines parallel to AD, 
in the nsnal way, if betbre finding d!cf , or as just explained, if after 
finding dd!^ as shown in the figure. Having found the end, oc^, 
of the cabin, the intersection, ^, of its diagonals ad^ and da\ is the 
perspective centre of that end, over which, in the vertical line ee\ 
the peak of the roof is found as follows. Lay off the real height, 
projected from E, at E" ; then E"C, the perspective of a perpen- 
dicular from E, will intersect ee' at e\ the perspective of EE". 
Now draw a'e' and d'e\ the perspectives of the left end lines of 
the roof. These lines are in the same vertical pl^ne with ad^ hence 
their vanishing points are in the pei'pcndicular, GG', to G'K' and 
throngh V (125-6). Hence produce aV to meet GG' in R, which 
will |be the vanishing point of all lines parallel, in space, to aV. 
Also e*d!^ produced to T, makes T the vanishing point of all lines 
parallel to e'dl . To find R and T by the usual process, consider 
that a'E" and D^'E*' are the vertical projections of AE and DE, 
and then find where lines through the ]M)int of sight C, S, and 
parallel to a'E' — ^AE and D''E^ — DE, pierce the perspective plane, 
which will be, as before, at R and T. Next draw ef to V", and 
Vf to R, which will complete the perspective of the roof. 

To find the perspective of the chimney, and first of its base. 
Produce IH to J and, drawing the visual ray JS, project J' into 
the edge of the roof at j. Then draw jh through V'"; or, by ele- 
mentary geometry, draw Vf parallel to ae\ and limit it by ^f 
produced, then divide de! and h'f proportionally at j and f* 
and draw jf (For example, if e'J is i ofe'a\ then make/'/'=*J of 
fV), Find h by the visual ray HS, whose intersection with the 
perspective plane at H' is projected into ,jf at A. Find u in the 
s.inie way from L To find *, set up the full height of the chimney 
top from the ground at *', projected from I, and draw the perspec- 
tive perpendicular VQ to limit the vertical edge ui at i. Other- 
wise : (Ex. 6.) produce the right hand side of the chimney to F, 
and set up its height, projected from I', at i', and limit ui by 
rV. Then limit hh! by ih! drawn through V", and draw A'V. 
Draw AR until the ridge is met, thence a line towards T, limited 
as follows. Draw/V and note^", its intersection with «'<?', whence 
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drskW a Hne, J'h'^ to Y"\ liraitiBg an edge of the chimney at A", 
whence draw this edge, which is limited by h'V, 

In finding the door and window, farther special constructions 
will be used, as proposed. 

If lines be drawn, parallel to any line as BK, AB and AK will 
be similarly, that is, proportionally divided, and if AE!i-«AB, these 
similar parts will be equal, and in the same order. Hence make 
aK'«— AB, and K'^ will be the perspective of KB, and V, its in- 
tersection witb VY', will be the vanishing point of all parallels to 
KB, (106). Then make aP and aO equal to the distances of the 
two sides of the door from a, that is from A, and draw FY" and 
OY" which will meet ab B.tp and o, the perspectives of the sides 
of the threshold. Set off the true height of the door from a on 
cui' and draw a line to Y", which willr complete the door by limit- 
ing the verticals Atp and o. 

In like manner, a window in the fi*ont of the cabin could be put 
in perspective. 

To find the perspective of the end window. According to the 
method just explained, make aG'>— AD (G' accidentally falls on the 
perpendicular RT (Ex. 5. Hem. c) and let NM be the true relative 
width and place of the window. Draw G'dV\ analogous to K' J, 
also NY' and MY'. At n and m draw vertical lines, and having 
made aa" equal to the height of the window seat, limit them by 
a"V. Make aQ equal to the thickness of the cabin wall, and draw 
QY", noting q^ its intersection with ab. Then draw qq\ limited 
by a'V'j and from q" draw q'Y^ which gives the inner edge of the 
window seat. From the further upper and lower outer comers of 
the window, short lines are seen, which being perpendicular to the 
end wall, are parallel to a5, and therefore vanish at Y'". The 
lower one of these lines is limited by g^Y, and from the point 
thus given, the inner vertical line of the window is drawn, which 
at y limits the upper line to Y'", and the inner top line which van- 
ishes at Y. 

The horizontal lines of the fence and sidewalk vanish at Y. The 
top of the fence being in the line YC, it i^ thus shown to be about 
five feet high. At Z is shown a fragment of a cross street, parallel 
to the perspective plane. The real distance of this street from cr, 
or A, is equal to the distance from a to the intersection of Y'Z 
produced (not shown) with aG' produced. The tree in the yard is 
seen, by comparing with the top line of the window, to be about 
twelve feet high. 

129. By comparison of Fig. 68, with any of those in Pabt I., it 
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appearn, on inspection, that tiie penpedive^ as L'C, qf a perpends 
ctflaVy is the same as the vertical prqfeeiion^ L'C, of a visual ray, 
BS — ^L'G, though the same point. This is evident from the 
definitions of these lines. Each, it will be seen, joins the yertical 
projection of the point through which it passes, with the yertical 
projection of the point of sight, which latter is the centre of the 
picture. 

ExAHFLB 18.— To find the Perspeotive of the Shadow of 
a Chimney on a Roof. 

Fig. 59 is substantially an enlarged copy of a part of the roof of 
Fig. 68, but with the proportions, and the level of the eye, changed, 
merely to bring the construction witiiin the limits of tlie page. H, 




Fig. 59. 



in the horizontal line, is the vanishing point of projections of rays 
on any horizontal plane (Ex. 6). R, on HR, but not shown in its 
real position, is the vanishing point of rays. 
Now to find the shadow of the edge AA' upon the roof. This 
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shadow will be the trace on the roof, of a vertical plane of rays 
through AA'. The line aA, joining the intersections of the edges of 
the chimney with the roof, is horizontal in space, and in the side 
surface of the chimney, within the roof, cd is a line in a vertical 
plane through the ridge Dc, and is also in the same side of the 
chimney. Hence t^F^"', drawn to V" (see Fig. 68.) is the trace of 
the central vertical plane, through Dc,' upon the horizontal plane 
through ah. Now AH is the perepective oi the trace of a plane of 
rays through AA' upon the latter plane ; en, a vertical line from the 
intersection of AH with e^V", and meeting the ridge Dc at n, 
is the trace of the same plane of rays on the vertical plane 
through Dc. Hence nh is the trace of the plane of rays 
upon the roof The ray A'R, in this, plane, meets this trace 
at ^, which is therefore the shadow of A'. Hence th is the shadow 
of AA'. A poiiion of the shadow of h'b is visible, which is found 
as follows. Produce Ao to meet ab in r, which is therefore the in- 
tersection of ab with the front side of the roof, produced. Next, 
produce An to T in the perpendicular RHT, and T will be the vanish- 
ing point of all traces of vertical planes of rays on the front roof. 
Hence Tr is the perspective trace of a vertical plane of rays 
through ab upon the indefinite plane of the front of the roof. 
Drawing the ray ftR, it gives/ as the shadow of 6 upon the front 
roof produced. Hence ft is the shadow of bh' on this roof, and 
the portion, stj of this shadow is real, and visible. 

Remark. In concluding these examples of shadows, and of this 
volume, it may be added, that though few, the student will find 
them so varied, that, by attentively consideiing them, he will doubt- 
less be able to construct any ordinary shadow, or at least to judge 
more accurately of the appearance of shadows, sketched directly 
or without construction. 
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CHAPTER IV. 

PICTUBES, AND AEBIAL PEESPECTIVE. 

13i^. For full instructions on the subject of this chapter, those 
who make perspective drawings, primarily for pictonai effect, 
should consult books which treat o^ perspective as an imitative art 
(27). A few topics only are here treated, principally for the 
information of those who may have occasion to add a few subordi- 
nate items of scenery, Ac, to drawings mainly of a geometrical 
character. 

131. Landscape outlmes. These, to be sketched in their Drue 
apparent position and form, must be seen with truly artistic or 
childlike sense, that is, without interference by the knowledge of 
their re<zl position and form. In other words, we simply copy 
what the eye sees, and just as it sees it, and not what the mind 
infers from what the eye sees (122 e), 

132. In proportion as we abandon reliance on simple sense, for 
scientific knowledge, will the unassisted eye fail to serve us per- 
fectly ; and some mechanical guide to it will become necessary or 
convenient. 

It would be impracticable, however, to make preliminary plans 
and elevations of broad landscape areas, such as have been employed 
in the preceding geometrical constructions. Hence simpler aids 
are sought. Among these is the use of a pencil and string^ as a 
measure of relative apparent sizes and spaces. Thus, if one end of 
a cord of fixed length be held in the teeth, and a pencil, attached 
to the other end of the cord, be always held perpendicularly to the 
string, the latter being always horizontal, it will be easy to measure 
on the pencil the apparent dimensions of objects, and the distances 
and directions of lines between different prominent points in the 
view to be drawn. After this, the remaining outlines can be 
sketched by the eye alone. 

A more complete guide to the draftsman is a frame of threads. 
Thus, by interposing at a suitable distance, that is, so as to include 
the whole of a proposed view, a rectangular frame, carrying threads 
which cross each other at right angles about an inch apart, the 
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Mtual landscape will be, to tlie eye, divided into square inclies. 
The paper being then divided into similar squares, all that is seen 
in each thread square can be aecm-ately located, by reference to its 
sides, within the corresponding squai-e on the drawing. 

133. This last process ainiplities picture drawing, by making the 
whole view consist of the sum of many little pictures, each of 
whioh is so small, that by fixing the undivided attention of the eye 
upon it, it can be drawn just as it is seen, according to (131). By 
keeping this in mind, and by gradually enlai^ng the squares, 
either of the frame alone, or the picture alone, or of both, the eye 
may be trained into independence of such guides. 

134. Landscape detaile. Trees. These, if few, large, and near, 
and in a real field, yard, or street, may have their position and 
height indicated in projection, as in the preceding geometrical 
constractions. Their perspectives will then serve as guides in 
sketching smaller similar objects. Remote trees will be known as 
larger than near ones, if they rise higher above the horizon, while 
standing on the same level. Striught rows of trees may be more 
accurately drawn, by locating the vanishing point of the line along 
which they are ranged. 

134. HiUa will be known by thoir rising above the hoiizoD ; and 
their relative distances, either by the cutting off of their crest 
lines ; or by their height above the horizon, if of equal heighte ; or 
by their dimness of color and shade when finished. 

TTius in this little sketch, the 
mountain stream in ascending, 
flows between the foremost, or 
nght hand hill, and the more 
remote left hand one, while the 
dim central peak is evidently 
distant and quite high. 

136. VaUeya, below the ob- 
serrer's level, will be known by 
animals, shrubs, &c., in them 
appearing below the horizon. 
Also if the descent into them is 
sudden, they may be plainly indi- 
cated by the crest of the high ground before them, together with 
the ^eater distinctness of the objects shown in the foreground, 
as in the following sketches ; the first a sea view from a precipitous 
shora, the second a land view of a broad valley seen from near the 
crest of an elevated table land. 




Fig. 60. 




131. Amstmt and daetxt from the otwerrer, is in^nte^ in land- 
scape Tieva, bf the pUdng 
of men, iiiTnmh^ shmbs, 
rocb, ^i&, respecdrcdy, fbr- 
tber and farther above, or 
bdoT the honami. In 
street viewa, the relatire di- 
rectioD of the basement and 
sidewalk lines will show 
the same tiuag. Thus in 
the engraving, T ia the van- 
ishbg point of horizontal 
lines, and V, of Uie street 
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liiws ; benee the view is that of a descending stre^ See alao the 
remote figure, whose eje is below the horizon. 

In the foOowittg figure^ however, where T', the vanishing poiDt of 
the street Knea, i> above Y, that of the horizontal lines, the street 
evidently ascends. 

188, Lem^ of the eye. In interior and street views, particularly, 
the horizon shonld not be chosen thonghtlessly, or in ImprobaUe 
positions. In Elg. fl4, its portion indicates a view taken 
either iVom higher gronad than that shown io the fignre, or from 
the second story of booses like those on the right, and standihg 
OD the level of the line aV. 
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13Q. S^leeHona in teater. Two particntats may here be noted. 
Pint / reflecUona of the sun and moon on the water should not 
make an acate angle with 
the horizon, as is aome- 
times done, but should be 
perpendicular to that line, 
in the picture. The rea- 
son is obvious. The inci- 
dent rays to the water, 
and the reflected rays 
from it to the eye, by 
which the band of light on 
the water becomes viable, 
are in a vertical plane. 
But the intersection of 
this plane with the per- 
spective plane, ia the per- 
spective of this reflection, and this intersection is perpendicular to the 
horizon (7 O). 

Second; images in the water sometimes show surfaces of an ob- 
ject, not seen directly. Thus in the annexed figure of a wall stand- 
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ing in water, the top of the coping is seen on the wall itself, but 
the under side in the reflection ; which, being nearest the water, 
can alone send rays to it to be reflected to the eye. 

140. liocation o/ th« centre of the piclvre. This point, in order 
to afford an equally clear view of all parts of the pictnre, should 
coincide with the geometrical centre of the drawing. It may be 
varied slightly from this position, however, in order to show with 
espeoial distinctness the more interesting or important parts of the 
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picture. In ^ bird^s eje yiews,'' it will be quite above the middle 
of the canyas^ 

141. Location of tlie pertpective plane. This has, in aU the pre- 
ceding problems, been understood to be between the eye and the 
object. It is not nece&sarily so, but is so placed in order, first to 
reduce, rather than expand any graphical errors in the projections, 
and, second, to avoid the increased length and confusion of the 
lines of construction, which would result from having the perspec- 
tive larger than the projections. It is evident that the latter con- 
sequence would follow, for the eye being the vertex of the visual 
cone, and the apparent contour of the given object its base, then 
the section of this cone, made by the perspective ^lane if placed 
beyond the object, would be larger than that base. That is, the 
perspective of the object would be larger than its apparent contour. 
If, then, there is any error in the projections of the object, this er- 
ror will be magnified in the magnified perspective thus produced. 

JUustration. See Fig. 66. Let ct- 

\ , a'b' be a vertical line, at the distance 

ca in front of the perspective plane : 

s' and let EE' be the point of sight. Then 

j by (58) the visual ray Ea-E'a' pierces 

I the perspective plane at A, the per- 

* \ spective of aa\ and the ray Ea-E'ft' 

\ i pierces it at B, the perspective of <zb\ 

\i Hence AB is the perspective of Qr-a!h\ 

\ and is evidently larger than the latter 

' line. 
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142. Shadows oftreea^ and other ver- 
Fig. 66. Heal objects. Knowing that these are 

parallel in fact, when they fall on the 
same plane, they might, by overlooking Ex. 7, Rem. a be made 
so in the drawing. They should, however, all converge to one 
point, so that in the picture,, shadows of posts, &c., at the right 
of the vanishing point of rays will incline to the left, while similar 
shadows on the left of the same point, will incline to the right, 
when the light comes from behind the observer. 

143. Time of a given aspect. By knowing the direction o^ 
vision, the direction of the shadows of vertical lines upon the 
ground will indicate the part of the day at which a view was taken. 
Thus, if the direction of the shadows indicates that the vanishing 
point of rays, R, is to the right and below the centre of the picture, 
while the observer faces the west, the picture will represent a 
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morning scene ; or in sammer, and in high latitudes, the same posi- 
tion of R would indicate an early morning view to an observer 
facing the south. These two cases could be distinguished by the 
lengths of the shadows. Also if R were above and to the right of 
the eye, the observer looking south, an afternoon view would be 
indicated. This is a point of some practical importance in reveal- 
ing the aspect of dwellings, <Jkc., on proposed sites, at given times 
of day. 

144. Light and shade. The intensity and distribution of shade 
upon a body, depends on so many circumstances, and is subject to 
so many modifications, that its exact representation in real cases 
must be mostly an art of pure imitation. A few points are here 
mentioned, as guides to the observations of the student. 

1. — ^The light and shade of a body depends upon its form^ 
Double curved surfaces (87) have a brilliant pointy or point so 
situated as to reflect the most rays to the eye. Plane and dngle 
curved surfaces, have a similar brilliant line. On all bodies, the 
line, at all points of which rays are tangent to the body, is the 
apparently darkest line. Its ex^t construction, in any given case, 
is a problem of practical geometry, of more or less complexity. 

2« — ^Light and shade, depends upon the noil/ure of a surface, as 
dull or polished. In the former case, the brilliant point is less 
intense and is more expanded into an area, while all parts of the 
body towards the eye are distinctly visible. In the latter case, the 
more perfect the polish, the smaller and more intense the brilliant 
point, and the more nearly invisible all the rest of the body, owing 
to the absence of rcflectinos from it, directed towards the eye. 

3. — ^Light and shade is affected by distance. If a surface is in 
the lights the more distant it is, the darker it appears, owing to the 
extinguishment of the reflected rays from it by the atmosphere, 
and floating particles therein. If it be in the darky the more 
distant it is, the lighter it appears, since we attribute to it the 
increased light entering the eye from the greater depth of illn« 
mined air between us and it. 

If, then, a surface be seen obliquely, it will appear gradually 
darker as it recedes, if it is in the light ; and gradually lighter as it 
recedes, if it is in the dark. Shadows, in like manner, are darkest 
where nearest to the objects casting them, and lightest in their 
remotest portions. 

Hence, at very great distances, the contrast between light and 
shade diminishes, as seen in the f^nt shades and shadows of hills 
in the misty distance. 
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4.^ — ^Light and shade is again affected by the naiureofthe ligM. 
A diffused lights as on a cloudy day, partially confounds lights 
and shades in a monotonous uniformity. A concentrated lights 
as on a dear day, affords well defined and Vivid contrasts of light 
and shade. 

But again; an intense lights as that of the sun, produces 
reflections so strong as to diminish the contrasts of light and 
shade, while the black shadows occasioned by the weaker moonlight 
are in familiar contrast with the white lights afforded by it. 

145, JSdges. In shaded drawings, edges are never to be distin- 
guished by black lines. Being really rounded, through imperfec- 
tion of human instruments, or by attrition or cruntbling, they have 
their own brilliant lines, as cylindrical surfaces, and are distinguished 
by lighter tints for a minute width. The brilliant lines of edges in 
the light, are due to primary light falling on them ; those of edges 
in the dark, that is which separate two dark surfaces, to reflected 
light ; and both, to the superior polish acquired in part by the fric- 
tion of passing particles to which edges are exposed. 

Those edges, however, which separate light from shaded plane 
surfaces, are minute cylindrical sui*faces so placed as to have a line 
of shade (144, 1®) upon them, and may be indicated by a line of 
slightly darker tint than that of the illuminated sui*face which they 
bound. 

Hence parallel surfaces, near together, should not be distin- 
guished by material differences of tint on their illuminated portions, 
but by the treatment of their edges, and by the shadows, if aiiy, 
of the foremost on the one behind it. 

146. The Color of objects is modified chiefly by the color oj the 
light by which they are seen ; and by distance, and the condition 
of the atmosphere. To do justice to the former topic, would lead 
further into optical discussions than is here .proposed. In respect 
to the latter, we observe, that distance causes all colors to be 
confounded more and more in the blue of the atmospheric depths 
through which they are seen. 

Trusting that these problems and notes have now been sufficient- 
ly extended, to guard the geometrical draftsman from doing offen- 
sive violence to artistic truth, and the artist from doing equally 
offensive violence to geometrical truth, we here terminate both. 



THE END. 






»^ 



.^ •■■ 






J 



1 









V^^dflfeT 






je^j. 








%^J^ 




X's? 



i X / 



* •'■ '-. ^ «\ ^jvA^i^ •'AMMA iaaXXv ^xvs>. > ae>r&>^ 





jti 



ve .i 



T.V[yCY%tc\\W\x 




»5w oi^WjL Jvvv!u ^^K\X^XkX 



A3UrO AA/^ 







4 





1 1 Ok/wJL irrr <v tl^AA^ rvuAA>" /O'vt^ cw^ >)-K* 








(w^juJC 



>^V <^^ g^ o^Aju jixXXxjuv " yg^T oAVcV 



•t. 



